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PREFACE

Our book is titled Recent Advances in Mathematics-II. The book
primarily discusses the new methodologies, including identifying and building
three-fold orthogonal systems, making important contributions to differential
geometry's theoretical and practical features, the matrix-based techniques
employed here may be applied to similar algebraic systems, the compartmental
model was assessed using experimental data that partners supplied, the
Kalman-based models for sophisticated avian species growth analysis and the
Hadamard-type Pell-p sequence is extended to groups by introducing the
Hadamard-type Pell-p orbit and redefining it using group elements. There are
certain methods for summarizing the problems that make the concepts clear in
each chapter. It is envisaged that the book will meet the demands of researchers
from a variety of professional sectors because each topic is addressed with care.
Thus, the research in this topic is quite important and useful for their specific
interests. I want to express my gratitude to the writers for their priceless
contributions and the publishing house for their assistance.

Assist. Prof. Dr. Esen HANAC DURUK
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CHAPTER 1

EXISTENCE AND DISCOVERY OF TRIPLY ORTHOGONAL
LEVEL OR PARAMETRIC SURFACES
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1. INTRODUCTION

Triple orthogonal coordinate systems are one of the fundamental
structures in mathematical physics, differential geometry and applied sciences.
These systems provide a special coordinate structure, each point of which is
uniquely defined by a family of three orthogonal surfaces (Weatherburn, 1926;
Eisenhart, 1907; Kasner, 1911; Zund & Moore 1987; Wright, 1906). These
systems, which treat linear and surface structures orthogonally, have been
frequently used to solve mathematical and physical problems. Developed in the
18th century by Leibniz and Euler, canonical coordinates played a fundamental
role in the evaluation of multiple integrals and evolved in the light of triple
orthogonal systems (Bobenko, 2003). In the 19th century, mathematicians such
as Gabriel Lamé and Gaston Darboux generalized these systems and made them
a fundamental element of differential geometry. Important geometric principles
such as Dupin's theorem paved the way for triply orthogonal systems in both
mathematical and physical terms and laid the foundation for important
applications in modern science (Zakharov, 1998).

These systems are characterized by the existence of three different
families of orthogonal intersecting surfaces at each point in space (Garcia &
Tejada, 2023). This orthogonal structure of surface families offers an
impressive range of solutions in both theoretical and practical applications. For
example, while the Cartesian coordinate system provides a simple example
with orthogonal plane families, more complex systems such as homofocal
quadrics or ellipsoidal coordinates can be adapted to different geometric and
physical problems. The order offered by these systems has played a critical role
in solving differential equations, applying boundary conditions and modeling
physical phenomena (Ferréol, 2017).

The development of triply orthogonal systems has been closely related
to the historical progress of differential geometry (Bobenko, 2003). Dupin's
theorem, proved by Charles Dupin in 1813, established the basic geometric
properties of triply orthogonal systems. This theorem guarantees that the
intersection points of three different families of surfaces are perpendicular to
the lines on each surface. Following Dupin's work, Gabriel Lamé developed the
mathematical theory of these systems and showed their applicability to physical
problems. Gaston Darboux extended Lamé's work and applied many
fundamental concepts of differential geometry to these systems and laid an
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important foundation for modern mathematical physics (Colapinto,
2017;Colapinto, 2017;Smith, 2004).

One of the important features of these systems is that they can be defined
based on a Jacobian matrix. The system satisfies the condition that the columns
of the matrix are orthogonal to each other (Abdelmagid et al., 2023; Finat,
2018). Moreover, the fact that these systems can be preserved by various
transformations, e.g., inversion transformations or Bianchi and Bécklund
transformations, provides an important advantage, especially in theoretical
physics and mathematics (Eisenhart, 1907). The Cayley-Darboux equation
provides critical information about the existence and properties of these
systems and is an important part of understanding the complex structures of
differential geometry.

The importance of triple orthogonal coordinate systems in modern
science stems from their applicability to various physical and mathematical
problems. In areas such as the propagation of light waves, the calculation of
electromagnetic fields and fluid mechanics, triple orthogonal systems provide
efficient solutions in different geometries (Ryskin & Leal, 1983; Sizykh, 2020;
Lester et al., 2022; Panou, 2014). With a wide range of applications ranging
from geodetic problems to architectural design, these systems are an important
component of scientific innovation. Ellipsoidal coordinate systems are
frequently used in surface geodetic analysis to calculate the Earth's gravitational
potential (Panou, 2014). In architecture, these systems allow complex
geometries to be more easily analyzed and optimized. By combining aesthetics
and structural durability, it paves the way for new designs in architecture and
engineering (Abdelmagid et al.,2022).

Triple orthogonal coordinate systems have a wide scope from differential
geometry to numerical methods. The easier application of boundary conditions,
the creation of numerical meshes suitable for complex geometries and the
improvement of solution accuracy are the distinguishing features of these
systems. In numerical techniques such as the finite element method, the
regularization and simplification possibilities offered by these systems have
increased solution productivity in modern computational applications (Panou,
Korakitis & Delikaraoglou, 2016).

Although the debate on this topic dates back more than 100 years,

mathematical research and its applications in engineering have been explored
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in recent years. Research in mathematics and differential geometry has taken a
modern form with the development of computer technology. Menjanahary et
al. investigate Dupin cyclic cubes, and their singularities using orthogonal
coordinate systems and classify them according to Mdbius equivalence in
Euclidean space. These cubes are derived from triple orthogonal coordinate
systems in which all coordinate lines are circles or straight lines (Menjanahary,
Hoxhaj & Krasauskas, 2024). Hoque et al. investigated the second-order
integrability of systems with velocity-dependent potential in three-dimensional
Euclidean space. They utilized various orthogonal coordinate systems such as
elliptic cylindrical, prolate/oblate spheroidal and circular parabolic coordinate
systems (Hoque et al.,, 2023). Strunz successfully derived unit vector
transformations between Cartesian and SOS coordinate systems. The SOS
coordinate system is a powerful tool that can simplify the solution of problems
exhibiting oblate spheroid geometry. It can be used to model and analyze
physical phenomena that exhibit oblate spheroid geometry, especially in fields
such as astrophysics and geophysics (Strunz, 2023).

In particular, the transformation of orthogonal coordinate systems is
common in solving problems in fluid mechanics. Viaggiu presents an algorithm
for generating anisotropic fluids with or without heat flow but with vanishing
viscosity, starting from general stationary axisymmetric space-times connected
to two spatially isotropic orthogonal coordinates (Viaggiu, 2018). Ivers studies
the dynamo effect created by the motion of a conducting fluid in an oblate
spheroidal volume. His work addresses the kinematic dynamo problem, which
is important for understanding how the magnetic field is generated and
maintained and presents an innovative method for obtaining numerical
solutions in oblate spheroid geometries. In summary, Ivers uses homoeoidal
oblate spheroidal coordinate systems to model complex magnetic fields and
fluid motions (Ivers, 2017). Hester and Vasil develop a coordinate system for
understanding regions around changing smooth surfaces and curves. In
particular, it makes use of the signed-distance function, as implemented in the
level set and related methods. This work is believed to present the first
comprehensive fundamental derivation of a complete vector calculus for this
orthogonal coordinate system. This is necessary to define the vector Laplacian,

or advective derivative, which commonly arises in boundary layer calculations
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in fluid mechanics. This method uses orthogonal coordinates to define points
near surfaces and curves (Hester & Vasil, 2023).

There are also important studies in electrical engineering. Malits et al.
studied TEM mode wave propagation in a microstrip transmission line on a
dielectric substrate with a circular segment cross section. The proposed
microstrip design is suitable for fabrication and allows miniaturization of the
microstrip since there is no lateral fringing effect of the substrate in the
transmitted fundamental TEM mode. The authors used the bipolar orthogonal
coordinate system to reformulate the problem in the form of trigonometric
double integral equations (Malits, Haridim & Chulski, 2015). Kubu et al.
consider integrable and super integrable systems with second-order integrals of
motion moving in the presence of a magnetic field in three-dimensional
Euclidean space. They find that the system in question is a system involving a
magnetic field and is minimally super integrable. They also report that this
system cannot be separated in any orthogonal coordinate system. This means
that the Hamilton-Jacobi equation of the system cannot be solved by separation
of variables in any known orthogonal coordinate system, such as Cartesian,
cylindrical or spherical coordinates (Kubii, Marchesiello & Snobl, 2023).

Orthogonal coordinate systems are also utilized in industrial and
aeronautical engineering. Bae and Choi focus on NURBS surface fitting using
orthogonal coordinate transformation to speed up product development
processes and propose a method for precise and efficient modeling of complex
freeform surfaces (Bae & Choi, 2002). A computer graphics program called
Spacebar, a tool developed to facilitate the design and analysis of lightweight
kinematic mechanisms such as aircraft control systems, landing gears and door
hinges, is reported by Ricci to generate geometric positioning data in
orthogonal coordinates (X, y, z) of the mechanism model. It is also explained
that the program assumes that the applied loads are applied along the basic x,
y, z orthogonal axis of the mechanism (Ricci, 1976).

In the future, triply orthogonal coordinate systems are expected to
increase their applicability in solving more complex problems and in new
scientific fields. These systems will continue to make critical contributions to
the advancement of modern science and technology with their advantages in
both theoretical and practical applications.
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At the end of the 19th and the beginning of the 20th century, the topic of
triply orthogonal surface families was investigated by important
mathematicians such as Weatherburn (Weatherburn, 1926), Eisenhart
(Eisenhart, 1907), Kasner (Kasner, 1911; Kasner, 1909), Wright (Wright,
1906), Darboux (Darboux, 1910), Cayley (Cayley, 1872; Cayley, 1873), Hotine
(Hotine, 1966), etc., but afterwards the interest in this topic declined. These
researchers generally focused a lot on the existence and properties of families
of triple orthogonal surfaces, but they did not provide enough information on
practical applications and how to obtain coordinate systems. The lack of
computer technology at the time explains the absence of practical research on
this topic.

This paper introduces a different approach for investigating the existence
of triple orthogonal systems without requiring advanced knowledge of
differential geometry. It addresses the challenge of identifying two surface
families orthogonal to a given surface family and to each other, providing a
detailed explanation of the methodology. Additionally, for surface families
expressed in closed form, a MATLAB script has been developed to compute
and list the corresponding results. This practical approach is designed to appeal
to researchers in diverse fields, including -cartographic engineering,
astrophysics, electromagnetism, fluid mechanics, and boundary value

problems.

2. FAMILIES OF TRIPLY ORTHOGONAL LEVEL

SURFACES (TOLS)

In this section, it would be appropriate to first mention the terminology.
The keywords frequently used in the literature are "triply orthogonal system",
"triply orthogonal coordinates", "triply orthogonal coordinate system", "triply
orthogonal families", "triply orthogonal families of surfaces" and "triply
orthogonal surface". The system or coordinate system referred to in these terms
refers to a coordinate system of triply orthogonal surfaces. To be a coordinate
system, just as in spherical and cylindrical coordinates, the functions describing
the surfaces must be expressed as level surfaces, that is, as implicit functions.
The term "triply orthogonal level surfaces" (TOLS) will be used in this paper
to refer to the triply orthogonal systems that satisfy this condition, i.e. the
families of surfaces referred to in the literature as triply orthogonal systems.
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The term "triply orthogonal parametric surface" (TOPS) is appropriate for
families of orthogonal surfaces that cannot be expressed as level surfaces
without such a condition.

2.1 Definition of the Problem

fy.z)=U (1)

gxy,2)=V, hixy,2)=W (2)

Vf-Vg=Vf-Vh=Vh-Vg=0 (3
Given a family of level surfaces described by Eq. (1), is it possible to
identify two additional families of level surfaces that are orthogonal to this

surface family and to each other? Specifically, do there exist functions g and /
such that the conditions in Eq. (2) and Eq. (3) are satisfied?

2.2 General Solution Method of the Problem

To simplify the solution of the problem, let us consider the vector
functions K, L, M obtained by multiplying the gradients of the functions f, g,
and /4 by scalar functions S;, S2, and S3. These vectors will be parallel to the
gradients of the functions.

K(xy,2) = (Ki(63,2),K2(x,7,2), K3 (0,y,2)) = 1 (0,3, 2)Vf (%, y,2)  (4)

Z(x'y,z) = (L1(X.y; Z)' Lz(x;y,z);L3(x;y,Z)) = Sz(xJ'Z)V)g(X;y'Z) (5)

M(x'y, Z) = (M1(x,y' Z), Mz(x,y' Z), M3(x,y' Z)) = SS(x!yiz)Vh(x:yrZ) (6)
To hold Eq.3

I_() : z = KlLl + K2L2 + K3L3 = 0 (7)

M=KxL @)
must be satisfied. For an arbitrary function 7(x,y,z),

L= (Ky—K, — KT, K,T) (9
can be written because the dot product of this vector with K will be zero for
every value of 7. After the cross product,
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M = (KKs + (K} + K2T, K, K3 — K1 K, T, —(K? + KZ) — K1K;T) - (10)

is obtained. The function 7 can be defined as the tangent of the angle with the
+x axis of the projection of the gradient of g in the xz plane.

Since the functions K;, K>, and K3 are known from the given function f,
the vectors L and M depend on the only unknown function 7. Given any
function 7, Eq.11 is satisfied but it is not obvious that the vectors L and M are
gradients of scalar functions.

KLLL1M (1
2.3 A Vector as a Gradient of a Scalar Function
The basic problem here is whether a given vector L, when multiplied by
a suitable scalar function S, will be a gradient of another scalar function. Since

the curl of gradient of a scalar function is zero, vector L and scalar S must satisfy
Eq.12.

Ux(SL)=0 (12)
Applying the multiplication rule for derivatives gives
VSxL+SVxL=0. (13)
After some algebra, Eq.14 is obtained.

ol 3

xL=VxL-o> VxL=V(-InS)xL (14)

If the dot product of both sides of Eq.14 with the vector L is taken,
Equation 15 is obtained.

L-VxL=L-V(=InS)xL (15

Since the right side of Eq.15 will be zero because of vector algebraic
rules, Eq.16 is valid.
L-VxL=0 (16)
Eq.16 must be satisfied so that when vector L is multiplied by a suitable
scalar, it can be written as the gradient of a scalar function. The expression on
the left-hand side of Eq.16 is known as the helicity density of the vector L.
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2.4 Key to Solving the Problem
The vectors we must express as gradients are the vectors in Eq. 9 and 10,
so they must satisfy Equation 16. From this, Eq.17-18 is written.
L-VxL=0 (17

M-VxM=0 (18)

When Eqs.17-18 are expanded, Eqgs.19-20 are obtained, which are the
equations that function 7 must satisfy. The subscripts x, y, z denote partial

derivative.
Ly(Lsy — Lyy) + Ly(Lyy — Lay) + Ly(Lyx — Lyy) =0 (19)
M; (M5, — My,) + My(My, — Ms,) + Ms(My, — My,) =0 (20)
The arrangement of Eq.17-20 in terms of 7 is shown in Eq.21-28.
L = (Ky —Ky,0) + (0, —K3, K,)T  (21)
M = (KiKs, K, K3, —KZ — K2) + (K2 + K2, —K,K,, K, K)T ~ (22)

> -

1=(Ky—K,,0), [=(0—-KsK,)—> L=A+IT (23)

|

ﬁ = (K1K3, K2K3, _K12 - KZZ), T?i = (KZZ + K32,_K1K2, _K1K3) d M = ﬁ + mT (24)

L-VxL=(A+Ir)-Vx(A+Ir) = (A+Ir)-(VxI+TVx[+VT x0))=0 (25)

- > P -

L UXA+T(( VX A+A-VxD)+ T2 Vx{+1-VTx[+T[-VTx[=0 (26)

In Eq.26, the identities of A-VI'xT{=VT-Ix1 and [-VT x [ = 0 are substituted
so it is simplified. In addition, Ix1= KZI_() is considered. Thus,
KK VT + T2V x [+ ([ Vx I+ 1 Vx)T+1-VxA1=0 (27)

is obtained. Similarly, the equation of 7 X ji = K,(KZ + K2 + K2)K must be
considered. Finaly, Eq.28 is obtained
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K,(KZ + KZ + K2)K -VT +m -V x mT? + 08)
(M- VUxfi+id-VXm)T+i-Vxi=0

To make Eq.27 similar to Eq.28, multiply both sides of Eq.27 by (K + K% + K%).

Ky(KZ + KZ + KK - VT + -V x [(KZ + K2 + K}T? +

([ VxA+A-VxXD)(KZ+ K +KDT+1-Vx A(KZ +KZ+K2) =0 29)
In Egs. 28 and 29, all expressions except 7 are known in terms of partial

derivatives of f(x,y,z). To find the function 7T satisfying Equations 28 and 29,

the coefficients of T are named as in Eqs.30-31 and finally written as in

Equations 32-33.

Ay = (K2 +K2+K)I-VxI
By = (K2 +KZ+KH([-vx1+1-VxI) (30)
= (K?+KZ+K2)A-Vx 1

A, =m-Vxm
B,=(mM-Vxi+ ﬁVxTﬁ) @31
Co=f-Vxj

K,(KZ + KZ + KK -VT + A, T2+ B,T+C, =0 32)
K,(K? + K2 + K2)K -VT + A,T> + B,T+C, =0
Since the first terms of Eq.32 are equal, the other terms must also be
equal (Eq.33).

A1T2 + BlT + Cl = A2T2 + BzT + CZ (33)
(Al - Az)Tz + (Bl - Bz)T + C]_ - Cz = 0

If function 7 found from Eq.33 also satisfies Eq.32, then the T function

we are looking for is found. A MATLAB code that performs these complicated
operations is given in Appendix A. Once the T function is found, an integral
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multiplier must be found to make the L and M vectors the gradient of g and £
(Eq.34).
v’ = ) ) Z’
i plxy Z)ﬁ (34)
Vh =y(x,y,2)M
2.5 Solution of g(x,y,z) and h(x,y,3)
To find the function g from Eq.34, the expansion of this equation is
written in Eq.35. To eliminate the function ¢, which is the integral multiplier in
Eq.35, Eq.36 is written.

9x = oLy
gy =@Ly  (35)
9z = ¢L3

Lygx —L19, =0, L3gy —L19, =0, L3gy — L9, =0, (36)

The main objective is to find any special solution g that satisfies all three
equations in Eq.36. For this purpose, a characteristic curve equation can be
written for the partial differential equations in Eq.36 and the simplest special
solution can be tried for all three. The solution of the characteristic equations
will be found from Eq.37.

d L dz L dz L
_yz__l' —=_1 Z - _22 (37)
dx L, dx Ls dy Ls

Closed solutions of the form F;(x,y,z) = ¢ to be obtained from the
solution of the equation in Eq.37 can be used as the g(x,y,z) we are looking for.

Example 1: Find the triple orthogonal level surfaces (TOLS) to the
surface family f(x,y,x) = x? + y2 + 222 = U.

Solution 1: The level surface term means that the three mutually
perpendicular surfaces must be written in closed form, i.e. as in Eq.2. For this,
the function T in Eq.32-33 needs to be found. When the MATLAB script in
Appendix A is run, two 7 functions for the function f here appear: T =
0,or T = —(x% + y?)/2xz. For these T values, vectors L and M are found in
Eq.38.
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T=0- L=(@,-x0), M= Q2xz2yz,-x*-y?),
(x?+y?)

2xz

Notice that if two different solutions are found and then substituted in

- (33)
(2xz,2yz, —x? — y?), M = (y,—x,0).

Eq.21-21, we get two symmetric solutions as in Eq.34. This is natural because
there must be two vectors perpendicular to grad(f) in space. Therefore, it is
sufficient to use one of the two solutions of T. For the solution method
described in section 2.5, the first of the equations in Eq.37 is written for the
vectors L and M in Eq.38 and its solution is found as in Eq.39

dy vy y y
dx x x Cl(Z), g(x' y' Z) x ( )

The gradient of g from Eq.39 is indeed parallel to vector L. Then g(x,y,z)

is found. Similarly, Eq.40 is written for M.
2

dy x dz 2xz x2+y
A O A

=c3(y).  (40)

The gradient of the function with integral constant c3(y) is parallel to the
vector M, so this is the appropriate function /. In summary, the functions g and
h appear in Eq.41.

xZ + 2
gy =2, hEyH=—2>" @D
As a result, the triple orthogonal system we found in this example is
given in Eq.42.
x2 + 2
Ry et =U, 2=V, Y _w. @)

These surfaces are shown in Figure 1 for any starting point xy,ys,z0. To
obtain the coordinate surfaces by changing the starting point, you can access
the  simulation prepared in  Desmos.com  from  this link
(https://www.desmos.com/3d/pw3ge8ztwp ). The solution in Eq.42 can be
checked by Appendix C typing the corresponding functions £, g and / .


https://www.desmos.com/3d/pw3ge8ztwp
https://www.desmos.com/3d/pw3ge8ztwp
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Fig.1: Surface families for Example 1.

Example 2:
Find the triple orthogonal coordinate surfaces to the surface family
fl,y,x)=x*+y2+2z?=U.

Solution 2.a:

The family of reference surfaces given in this example are spheres with
the origin at the center. When the script in Appendix A is run for f = x? +
y? + z2, it is seen that all 6 coefficients A, B, C in Equation 32 are zero. In this
case, there will be infinite function T satisfying the equation K -VT = 0. That
is, for each value of T satisfying the equation xT, + yT,, + zT, = 0, there will

be a set of vectors L and M. All functions of the form T = F (%')ZC_Z) are
solutions. Vectors L and M for 7=0, which is one of the 7 values satisfying this

equation, are shown in Equation 43.

T=0 L=(y,—x0),
- - v, —x,0) 43)
M = (xz,yz, —x? — y?),
The vectors L and M can be the gradient of the functions g and # when
divided by —xy and z(x? + y?) respectively (Equation 44).
. 1. 11
Vg =—-——L= (__:_; 0)!
Xy xy

Vh= i = (o y 1
Ty Gy Gy 7

’
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Eq.44 yields the functions g and % as follows, which are the famous

spherical coordinates.

x2+y?
Z2
In Solution 2.a, the method described in Section 2.5 could also be used.

=W = tan? 6. (45)

y
===V=t , h =
9=7 an @

For example, if dz/dx = xz/(x? + y?), the function h will be found in the
same way. The choice of such different solutions is left to the reader. If the
given surface family is a surface of revolution, one can practically find families
of triple orthogonal surfaces. This is explained in Appendix B. Since the surface
family here is a surface of revolution family, readers may also refer to the
procedure described in Appendix B.

Solution 2.b:

An infinite coordinate system can be written for this example. For
example, if the function T is assigned as a constant at a value such as T=p,
vectors L and M are obtained as follows.

L= (y,—x —pz,py), M = (py? + pz% + x2,y(z — px), —x* — pzx — y%),  (46)

Integral factors for L and M:

. 1. 1 x+pzvp - 1 —
ng—sz(—,— _ ,—), Vh=—— M=
y y y: oy (px — 2) )
py? +pz? +xz y(z—px) x?+pzx +y?
(px—2)* ' (px—2)3’ (px—2)3 )
2 24 .2
y x“+y“+z
g X+ pz (z — px)? (48)

The functions f{x,y,z) in Example 2 and g and 4 in Eq.48 form an

alternative spherical coordinate system. Click here to see this system in 3D.

Solution 2.c:

2
y —_

T =— L= — 2 2' 3’
P (xyz,—z(x* + y%),y°) 49)

M = (x22% + y* + y?2%, —xy(y? — z%), —xz(x? + 2y?)),


https://www.desmos.com/3d/6hv6cfenqo
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Integral factors for L and M

- 1 - x x> +y3) 1
Vg:—L:(_ _Q’_>'

yiz y?' y: 'z
xzzz +y4 + yZZZ
1 12 2)2 ) w (50)
Y — Ty x=(xc + 2
Vh = §M - 2 2 Y 2 2 ’
x2(x2 + 2y2)z \_ y(y* -z  z(x*+2y%) /
x(x? 4+ 2y2)3/2°  x(x? 4 2y?)3/2
(xz) L x2+y?+ 2?2 W (51
g = Zexp —_— = , = -
2y? 2x,/x2 + 2y2 G1)

The functions f{x,y,z) in Example 2 and g and / in Eq.51 also form an
alternative spherical coordinate system. Click here to see this system in 3D.

Example 3:
Find the triple orthogonal coordinate surfaces to the surface family
fl,y,x)=x*+y*+z*=U.

Solution 3:

There is no function T that satisfies Equations 32-33. Although there is
a function T that satisfies Equation 33, these values do not satisfy Equation 32.
Therefore, there is no coordinate system orthogonal to the family in question or
there are no triply orthogonal level surfaces (TOLS).

3 FAMILIES OF TRIPLY ORTHOGONAL PARAMETRIC

SURFACES (TOPS)

If a function T cannot be found from Eqs.32-33 for the problem given in
Equations 1-3, then all triple orthogonal surfaces cannot be expressed as level
surfaces, and therefore a coordinate system cannot be considered. However, in

such case families of triple perpendicular surfaces not of the form of Eq.2 can
be found.

3.1 Finding Gradient Curves of Surfaces
For our known surface represented by the function f(x,y,z)=U, let #;
denote the curves perpendicular to the surface. 7 curves
A==k (2


https://www.desmos.com/3d/6hv6cfenqo
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can be found parametrically with a system of dynamic equations. A curve
(say 7,) on a given surface /' will be perpendicular to the normal curve #;. To
assign any surface curve on f, Eq.53 must be satisfied.
f=y,2)=L  (53)

The system of equations must be solved because it is known from Eq.21
that 7, - #, = 0. Similarly, to find the third family of perpendicular curves,
=M (54
equation must be solved. Here, when finding the vectors K, L and M, we
can assign any function T that does not need to satisfy Eq.37. If the systems of
three equations in Eqs.52-54 are solved for the starting point (x, yo, Zo) on the

surface f,

7(t) = 71(t, X0, Yo, Z0), 7(t) = 7,(t, X0, Yo, Zo), 7(t) = 75(t, X0, Y0, 20)  (55)
parametric vector functions are obtained (Fig.2). The gradient lines (7,
and 7) of the targeted surfaces are now ready. Note that f(xg, Vo, 29) = U in

this case.

Fig.2: Perpendicular surface lines. Red perpendicular to the surface.

3.2 Finding Parametric Equations of Surfaces: Method of

Parametric Surface Weaving

Let the surface formed by the union of # and 7, be denoted by 7, (u, v, Xq, Vo, Zo)-
Similarly, let the union of #; and #; be parametrically denoted by 7,5 (u, v, xo, Vo, Zo). Suppose
that (xg, Yo, Zo) in 7; move on 7. In this case the x, y, z components of 7, will replace the initial
conditions (xg, Vo, Zg) of 7;. To distinguish the pattern parameters ¢, let us substitute u for ¢ in 7,

and v for ¢ in 7.
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x1 (W, X0, Yo, Zo)
7 (U, X0, Y0, 20) = | Y1 (W, X0, Y0, Z0) |,
7, (W, X0, Yo, Zo)
(56)
X2 (v, X0, Yo, Zo)
7V, X0, Y0, 20) = | ¥2(v, X0, Yo, Z0)
7,(v, X0, Y0, Zo)

If x, in 7 is replaced by the function x,(v, xq, Vo, Zo) Which is the x
component of 7, the surface 7, is obtained as in Eq.57.
X1 (u, %2 (V, X0, Y0, 20), Y2(V, X0, Yo, Z0), 22 (V, X0, Vo, Zo))
2w v) = ¥ (u, %2 (v, X0, Y0, 20), Y2 (V, X0, Yo, Zo)» 22 (V, X0, Vo, Zo)) . (57)
Z1(u; %2 (V, X0, Y0, 20), Y2 (V, X0, Yo, Z0), 22 (v, xo'}’mzo))
The same algorithm can be applied for 7 5.
xl(u, x3(v, X0, Y0, Z0), ¥3(V, X0, Y0, Z0), 23 (v, xof}’O'Zo))
Po(w,v) = | » (u, X2 (v, %0, Y0, 20), Y2 (V, X0, Y0, Z0), 22 (0, on’o'Zo)) . (58)

Z (u, %2 (V, X0, Y0, 20), Y2 (V, X0, Yo, Zo), Z2(V, Xo, Vo, Zo))

Fig.3: Orthogonal families of Example 4. Click here for the simulation.
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Example 4: Find the triply orthogonal parametric surfaces (TOPS) to the
surface family f(x,y,x) = x* +y* + z* = U.

These surfaces need not be in closed form. They can also be in parametric
form.

Solution 4:

There is no need to find any value of T satisfying Equations 32-33

because the functions g and h do not have to be expressed as in Equation 2.
Therefore, T=0 can be chosen for simplicity.

T=0- K=(3y3%2%, L=(3—-x30),

M’ — (x3z3,y3z3, —x6 — yé).

Since the helicity density of the vector L is zero, the function g can be

2

(39)

written in closed form (g(x,y,z) = x™2 —y~2 = V). However, the helicity
density of the vector M is not zero, so it cannot be written as the gradient of a

function of the form h(x,y,z) = W.

Let us consider the problem from a different perspective. Let's think of the
vectors K, L, M not as the gradient of a scalar function, but as curves parallel to the
vector fields. If we denote these three curves by 7y, 7, 75, the tangent vectors of the
curves must be proportional to K, L, M.

A =m@y DK, O =m0yl 0=y, )M (©60)

In Equation 60, the functions y; (x, y, z) are functions that can be chosen
to be useful in solving the problem. As can be seen in Eq.61, if u; = 1,u, =
x73y73, u3; = z73, Eq.62 is obtained.

x(t) = x° * puy (x,y,2) x(t) = y* * up(x, 9, 2)
YO =y rm(xy,2),  y() = —x>* py(x,3,2),
2(t) = 2° * uy (x,y,2) z2(£) =0

5O = ey 0D
y(t) = y323 * u3(x,y, 2)
Z2(t) = =(x® + y°) * uz(x,y,2)
x(t) = x3 x(t) =x73 x(t) = x3
y() =y3, y() =-y3, y(@®) =y3 (62)

z2(t) = 23 z(t) =0 2(t) = —z73(x% + y©)
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The solutions of the system of differential equations in Eq.62 are given
in Eq.63.

(32— 20)2 (x4 + 46)3
n=| et - Zt)‘% ;= (yé - 4yt |
(z5% - 26)2 Z (63)
(xg%2 —2t)71/2
T3 = (7% —2t)71?

[z +yo + x5 — (xg% — 26)7% — (5 > — 2t)7*]"/*

Here 7, represents the 3D curve perpendicular to the function f, our given
reference surface. Similarly, 7, and 73 represent curves perpendicular to the
functions g and h. Moreover, r2 and r3 will be on the f surface, r1 and r3 on the
g surface, and 7, and 7, on the h surface (Fig.2). Since the curves 7, and 75 in
Fig.2 are on the surface f, if the initial point (xy, y,,2,) is moved over the
surface f, the curves 7, and 75 will weave the surface f.

As described in Eq.56-57, after expressing 7; and 7,by the parameters u
and v respectively, if x in 74 is replaced by the x component of 7, the parametric
surface 7j,(u,v) is obtained as in Eq.64. That is, taking the vector 7jas
reference, xy, yo, zo in 7 are replaced by x2(v), y2(v), z2(v) components of 7.

/(xo—z - 2u)‘%\ (e + 4v)%
nw = \(3’0_ - Zu)_%)' A N )

(z5% — Zu)_% Zp 64)

_ -1/2
(((xf,L + 4v)V/*) 2 Zu)
) = | (et = ) = 2)
((z) 72 —2w)™*/?
This method can also be reversed, i.e. taking vector 7, as a reference and

replacing xo, yo, zo in 7, by the x;(v), y1(v), z1(v) components of 7; (Eq.65).
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1
(g —2u)72 (xd + 417)%
A = (v-2 — 2.3 7 (v) = 1>
1 0o —2wyz ) T2 (yg —4v)
1
(z5%2—2u)2 Zo

(65)
1/4
(((xo_2 - 211)_1/2)4 + 417)
) = | (5% - 20102 - )
(ZO—Z _ Zu)—l/Z
Following a similar algorithm, the parametric surfaces r;3(u,v), r3:(u,v),
r23(u,v), r32(u,v) are also found (Equations 66-69).

(x5% — 2v — 2u)~Y/?
Pa(uv) = o?—2v—2u)/? (66)
(I8 +vi +x¢ — (g% — 20)7% = (yg? — 20)2]/2 — 20) /?

(x5% — 2u — 2v)~1/?

—2u—2v)"1/?
31 (w,v) = G - 2-1/4 (67)

[(z‘ —2u) 2+ (g2 —2u)2 + (x5% — 2u)” ]
—(x5%—2u—2v)"2 —(y;2 — 2u—2v)~?

((x5% = 2v) 72 + 4u)V/*
To3(u,v) = < ((x52 — 2v)72 — qu)¥/* ) (68)
[

24+ ¥ +xf = (% = 207 = (5 = 20) )

((xg + 4w)~Y2 - 2v)
(0 — 410~ 20) "

| (69)
z§ +y5 + x5 — ((x(} +4u)72 - 2v> ]

(g —4w)v2 - 217)_2
Click here for the graphical software showing the solution of this

F32 (u' V) =

example. Cartesian forms of the surfaces may be seen in Table 3.


https://www.desmos.com/3d/hhda5yfruw
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| A

“

Fig.4: 7, is shown in red, 7, in blue, 75 in green. Initial point (xy,0,20) is shown in

orange point.

4 RESULTS AND DISCUSSIONS

4.1 Explanation of the MATLAB Script in Appendix A

The MATLAB command directory in Appendix A was used to find the
results. When the function f is substituted and the script is run, the following

values will appear in the results: Darboux_Cayley det, ABC, Zero_solution,
T solved, DotKLM, Helicity Densities, L _final, M_final (Table 1).

Table 1: Names and Explanations of the outputs obtained from Appendix A.

Parameter name

Explanation

Darboux_Cayley det

If this value is zero, the Darboux-Cayley condition is
satisfied.

ABC

It gives the 6 coefficients in Eq.33.

Zero_solution

If this 2x1 vector is zero, a function T satisfying
Eq.32 is found.

T solved It gives the functions T which are the solution of
Eq.33.
DotKLM If this 3x1 vector is zero, then the vectors K,L,M are

perpendicular. It can be used for control purposes.

Helicity Densities

If this vector is zero, then the helicity densities of L
and M are zero. For control purposes.

L final

The resulting simplest L vector.

M_final

The resulting simplest M vector.
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If the "Zero_solution" parameter is zero, the “T _solved” parameter is
automatically substituted in the script and the program gives the final correct L
and M vectors. Once vectors L and M are obtained, g(x,y,z) and A(x,y,z) can be
found manually as described in Section 2.5. If the "Zero_solution" parameter is
not zero, then there is no suitable 7(x,y,z) function and the surface families
f{x,y,z) entered into the program cannot form an orthogonal coordinate system.

4.2 Some Triply Orthogonal Surface Families

Finding families of triple orthogonal surfaces without any restrictions
requires looking for functions g and h which are gradient vectors parallel to the
vectors L and M given by Eq.21-22 for an arbitrary function T. However, if
these families of surfaces are expected to be in the form of level surfaces as in
Eq.1-3, the function T should not be chosen randomly, but in a way that satisfies
Eq.33. In this case a triple orthogonal coordinate system can be obtained.
Finding a triple orthogonal coordinate system is described in section 2 and
finding any family of triple orthogonal surfaces is described in Chapter 3. Some
triple orthogonal coordinate systems (TOLS) found by these methods are listed
in Table 2 and general families of triple orthogonal surfaces (TOPS) are listed
in Table 3.

Example 5:
Find the triple orthogonal coordinate surfaces to the surface family

flx,y,z) =xyz=U

Solution 5:

When the MATLAB command in Appendix A is run, some of the results
obtained are shown in Table 3. The values of "Darboux_Cayley det" (Kasner,
1911) and "Zero_solution" are zero, indicating that a triple orthogonal
coordinate system can be found for this surface family. "7 solved" came out as
one set. This means that only one triple orthogonal coordinate system can be
written, which can only be found by continuing by substituting the "T solved"

value given in Table 4.
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Table 4: Part of the results obtained from the MATLAB command for the function

f=xyz.
Darboux_Cay Zero_sol
ABC . T solved
ley_det ution
[ 0,
-y*F(XA2 - 2\ 2)F(x2*yN2 (Z¥(x™4 - XN2*yN2 - XN2*72 + y™4 -
+ x"2%2"2 + y"2%z°2), y2*¥z°2 + zM)N(1/2) - x"2*z +
0] 0 Z"3)/(x*y"2 - x*2\2)
0 [2*¥x"\3*y*z*(y"2 - 2'2), 0 -(z¥(xM - XM2¥yN2 - xM2*2M2 + y4 -
-yF(XN2 - ZN2)F(xM2¥yN2 y2*¥z"2 + zM)N(1/2) + x"2*zZ -
- 3EXN2*ZN2 + yN2%272), z"3)/(x*y"2 - x*22)
2¥x*y*z 3*¥(x2 - y2)]

If the triple orthogonal coordinate system must be found, the MATLAB
code continues for the given “7 solved”, resulting in the values in Table 4. If
the scalar functions g and /# whose gradients are parallel to the vectors L and M
here, Example 5 will be solved, and the orthogonal coordinate system will be
found. However, this solution is too long and complicated and is not the subject

of this paper.

Table 5: Vectors L and M required for the function f(x,y,z) = xyz to be a triple
orthogonal coordinate system.

x*(y"2 - z"2)
L_final -yF((XM - XN2FYN2 - xA2¥Z2 4y - y2% 22 + MY (1/2) - X2 + yN2)

Z¥((xM - XN2¥y2 - XM2¥ZM2 + yh -y 2% 202 + 2MYN(1/2) - X2 + 272)

X*(y 2¥ (XM - xM2¥yN2 - xM2*Z2M2 4y - y2*7202 + 2M)N(1/2) - xN2* 22 - xM2*y2 +
ZMN2¥ (XM - XM2FYN2 - XM2¥ 22 4y -y 2% 202 + 24N (1/2) + yA + 24)
M_final
- SyH(Z 2K (XM - XN2¥YND - XM2* 2D Ay - y2* 72 + 2NN (1/2) - xM2* Y2 + 20)

-Z¥ (Y 2* (XM - XM2¥YND - XM2¥ 2D 4y - y2¥ 22 4+ 2NN (1/2) - XM2*2N2 + y4)




¢#b zreprosdijjaredng (£ + ,x)(b—7)bp z(d —1)d X n=
tosdr - - — b - 1)ady =-
1+d At e b-z 4=7 0 pZD + g( £ + ;%) L
x £
M= 2,2 L+ ;%) \_HN <= N=2—,44,x q9
£+ ,x X
[eplojoqered m==—= A=A+ x+z7 | = n== 9
wa T A
_ w-gpa(z£ + 2X) x
2%b [1eprosdrjjoradng Mm= T A== 0 N=p2d+ A+ % 9
_ yZ x s 4
M=—" == Z_ = 2=+ A+ X :
At X A=< p n=q [Tt ¢
-_Z x s
\Slma+Nx \_HN o =722+ A+ ;X q¢
X
projoqiedAHg M= (L + %),z A= ; 0 1= 72— A+ ,X ®'g
x
eproroydsg M= a (A + ;%),2 A= v 0 N=,2d+ A+ ,x S
Z+ ,X7 x z
G Teourayd m=L=8 = A Z == .
e 2+ 42 A= 2 F z =g oy
zd + ;x(b + d) x bidZ
 Teouoydg m===——= " =,z+ £+ ,x - ==
2Zb + ,A(b + d) A=+t z f phax v
A7 + ,xMxg A zx
¢ reouayds M= w\, A= Auv dxe z —~ =24 £+ ,x ¢
2Z+ A+ X X 4
ﬁk& — Nv zd +x
7 Teouoydg m=—-—"_ =——— d n=,z+ ,+,x
2t At A < Zte z [4
z
I reoroyds M=—"— \_HM 0 =,z+ A+ X I
L+ 5% 1 v Te z
qury u 3 L J

(STOL) $e1euIpIo0d [BUOSOYLIO SE USPIIM 9q Ued Jey) i 3 i suonouny jo sojdwexy :g d[qeL



https://www.desmos.com/3d/6hv6cfenqo
https://www.desmos.com/3d/6hv6cfenqo
https://www.desmos.com/3d/6hv6cfenqo
https://www.desmos.com/3d/pbgnhzi7pr
https://www.desmos.com/3d/7y4xtlwood
https://www.desmos.com/3d/jadt0bvx15
https://www.desmos.com/3d/m0doqsgqam
https://www.desmos.com/3d/g8jebw5vzx

") xipuaddy asn ‘y ‘F Y suonouny Jo A1[euoJoYII0 JO UOIIBIYLIOA U}
10, "9I9Y PISSNOSIP J0U Ik A3Y) ‘SOI[IWIE] 90BJINS [RUOSOYIO 39S} PULJ O} JNOLJIP AISA SI I QOUIS ‘“IOAIMOH "UIAISAS 91BUIPIOOD

2ZX —7£LX

[euo3oyio ue 03 Suo[aq /)=2zAX=/JO SII[TWER] doBJINS Y} = S oYeram I I

g2+ ZX - W?N +NNNA Iwa +zZX INANR wavw
1

Jl=1 n = zAx hal
£+ xM x q z
Z Z
= A _ = - _— n=———m———
M + X+ Z A < p 2+ At X €1
2Z+ A IS x
=724+ 4 o == [ n= 4!
M=+ L+ X 4=7 2+ L+ ox
z
uone[nuIy M= o (X = 2 0) + (£ + X) 22 A== 1 N=A4xg -,z 11
x
uone[NWIg \SHAN+\O%8M AN=z—£( s nN=z+4+,x 01
D x Y=,Z— DM+
BDIOIO M=——"—UUeRIe «D — ;Z — DM+ A + ;x's -z
IF=s C[eploiog Z— oD / A < 0 Lt % 6
= z x N.B”NNAT
[ [eptolog, = A== 0 8
Y — A+ x « — L+ x
4 z N? 4 z \v
z £+ .x x s
uone[NUIg M=+ A== S| D= )=z | vL
8 € 4 x
(0'0) #
(b'd)



https://www.desmos.com/3d/8xzdzkryd3
https://www.desmos.com/3d/kecypqql5b
https://www.desmos.com/3d/lvculafwcy
https://www.desmos.com/3d/p1a2ribgiy
https://www.desmos.com/3d/qjnevudcnq

(n=)dxaaz + ON\

2Zo 8= (% — 0z + X)(Yx — 26 + ;%)

‘Imﬁ

0 04 —
NNINaI z— A

4 4

—Azlv&a az + wm\ ﬁ

0z040x = zAx

(n—)dxsaz + 2z

S ndxeagz + A ndxeaz + %A — €T
N (n)dxeagz + N@ﬁ\ =1y r\/ #
—am + A Mag + om\( —;N + U pag + 9 oN\z_
07040y ag + x 0704 0x
N4 92— 7))+ 04 0x A,x
NAN N 4 W . ON No\ﬂ” NN\A. %Nn_v%\ﬂl_v.muﬂ”.le_v.v\ﬂnT.vun
N|Am|x +207— 5 2) = A+ X X~ 2 X~z
- — IANFN - Nwé
_(az - ,%0)— 1 A ¢ v
ws ne- z A _(az IN %) INoN + 90 + oxv o/1-(M2 = ¢ 22) A A G 22%) — 7+ g+ 3% =
z/1- T ‘ v ' = vy — (N7 — 20)) | = T w1 (MW — z_(az — ;24))
-(az —ng — ,24) w(a¥ + ,-(nz — . 2%) w1 + (a7 — . 2x))
2/1-(a7 = ng = ;2X) e
€1,
A
q 3 }
ury

‘S9)eUIPI00d AUk

9q jouues jey) ‘Ajdus 1o ‘wioj ommawered ur uonLim 9q ued 1ey) ¥ 3 f (SJOL) sedeyins omawered [euogoypio o[din jo sojdwexy :¢€ d[qe L,



https://www.desmos.com/3d/gt9grvjrjy
https://www.desmos.com/3d/gt9grvjrjy
https://www.desmos.com/3d/xbggnuwg7v
https://www.desmos.com/3d/xbggnuwg7v

d xtpuaddy ur uoAIS 1dios gV TLVIA Y3 9Sh Ued SIopeal ‘wiIoj orjowered ur uspLIm sadepIns jo Aeuo3oylao o[din oy) AJLIOA O], 4

0
X X
0y — 4 —
e/5(0Z/2) 967 + ¢/,(°2/2) 9x = A7 + ,x o=t = 7Z€ + AT + X
[azT dxe %7 — (ag)dxe dx—[* M
B dxa © =
- [ (ag)dxe 0z 1 [ azy dxs MMz— . Fd _ Qzg + M7 + 2x 1 _
wig _:N — (ap)dxa X _ . (a9)dxa 2x — 2z¢ + MUz + 2x (ng)dxe - _ sz
=" =" ng — (agr)dxe X =7
o (ng)dxa (ag)dxe %A
"y + (ag)dxa ox (n)dxa (ag)dxa °x o
ny + (a9)dxa 2x
(0L + %) 9z = zAxOz + ,z,(°A — Ox) U —x = ,£— ,x 9z — 0% = ,z — Ax
r ng +ay + Apng +ay + 2xz 1
az + Ypag + 9x Pz +ap + A+ 9x +ny+ag+ 20+ 9x ap + 9 ay + oM 4 ogox — 0z
L M
= of + 0x)0z ay + 7
2( a (Y Ox 040y _ 07
s A+§+mx v+ U ay + M+ |
I z =

(m)dxeaz + A =t
(n—)dxaaz + mk\

=N+$+N§\
=N+n¢+mx

€1y
4

ndxeag + A =
(n—)dxeay + 2x



https://www.desmos.com/3d/piw3usy926
https://www.desmos.com/3d/piw3usy926
https://www.desmos.com/3d/8u0s6ubg6f
https://www.desmos.com/3d/8u0s6ubg6f

43 | Recent Advances in Mathematics-I1

Example 6:

Find any set of triple orthogonal surface family to the surface family of

fl,y,z) =xyz=U

Solution 6:

If the "Td" value in the MATLAB file is written as zero, a set of
perpendicular surface families without a coordinate system can be obtained.
According to the ABC values in Table 3, A1=C1=0. Since C1=0, the choice of
T=0 at least satisfies the principal equation of Eq.32, i.e. only the function g
can be written as a closed form coordinate family. In this case, the L and M
vectors are as shown in Table 6.

Table 6: Vectors L and M when Td=0 for the function f (x,y, z) = xyz.
X
L _final -y

0
x*y"2
M _final x"2*y
-Z*(x"2 +y"2)
The helicity density of vector L in Table 6 is zero, while that of M is non-

zero. This can be seen from the result of the "Helicity Densities" parameter in
MATLAB results. This means that a gradient parallel to vector L can be found,
but not for M. It is best to find this solution with parametric methods.

. yZ . x
Fl(t) = #1(xl y! Z) <XZ> ) ‘FZ (t) = “2 (x, y' Z) (_y) ]
Xy 0
xy? (70)
?S(t) = u3(x, y' Z) x2y
—z(x* +y?)

In Equation 70, the functions y; (x, y, z) are functions that can be chosen
to be useful in solving the problem. If p; = 1/xyz,u, = 1,13 = 1/x%y?,
Eq.71 is obtained.
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x(t) =1/x x(t) =x
fOT'Fl, y(t) = 1/}/, fOTFZ' Y(t) ==Y
z(t)=1/z zZ(t) =0 1)
x(t) =1/x
for s, y®)=1/y

2(t) = —z(1/x* + 1/y*)

The solutions of Eq.71 are given in Eq.72.

/ /x§+2t\ /x§+2t
x0et
7 (t) = /yg +2t |, )= ye ], 5() = /yoz +2t . (72

5 %o \ X0YoZo /
J T2t JxZ +2ty2 + 2t

The curves seen in Eq.72 are orthogonal. While the curve 7 is

perpendicular (normal) to the surface families xyz = U, 7, and 75 are on these

surface families and perpendicular to each other. Moving on the curves 7, the

combination of the normal curves 7; will form the surface given by 7,;. The

parametric finding of this surface is given in Eq.73.

xpe"
() = <}’09_

A

u

( [x§+2v\| { /x§+2ve“\|
) - n1(v) = /yoz +2v [ > P(wv) = /yoz +2ve™™ [ (73)
/zg +2v |22 + 2v

Similarly, moving on the curves 7;, the combination of the curves 7; will

form the surface given by 7; 5. The parametric finding of this surface is given in

Eq.74.
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[x3 + 2u /xg +2v
7(u) = /yoz +2u | - W)= /yoz +2v
X0Y0Zo
|22 + 2u

VX2 +2vy¢ + 2v
(74)
fxg +2v+2u
2
- 713(11:17) — /yO + 2v 4+ 2u )
x 21272
B Y
(x§ +2v)(y§ + 2v)

Consequently, Eq.73-74 and the given parametric surface families 7,

and 75 are orthogonal to the surface families given in Example 5. These
surfaces given in parametric form can also be written in Cartesian form. In the
product of the x and y components of the parametric surface at 7%, the parameter
u vanishes and the xy value is expressed depending only on v. Hence, if the z
component and the parameter v are eliminated,
(2% + x§ — 25) (2% + y§ — z§) = x*y?

is obtained. For the surface 75, when the squared difference of x and y

is taken, u and v disappear. This way,
y?—x*=y§—x§ (76)
is found. Click here for a simulation showing the result of this example.

5 CONCLUSIONS

This study presents a comprehensive framework for determining and
constructing three-fold orthogonal systems, offering significant contributions
to both the theoretical and practical aspects of differential geometry. The main
findings and conclusions of this research are summarized as follows:

e For a given family of level surfaces, it has been proven that, under
certain conditions, two additional surface families orthogonal to each
other and to the given family can be identified. Explicit methods have
been proposed for determining these conditions and exploring the
associated coordinate systems.


https://www.desmos.com/3d/rm2nanso1i
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By utilizing gradient-based approaches and helicity density
conditions, this study establishes a systematic framework to verify
whether specific surface families can form triple orthogonal
coordinate systems. The derived equations, particularly the existence
of the T-function, play a central role in addressing this problem.
Additionally, a MATLAB-based computational tool was developed
to automate the verification and exploration process. This tool not
only simplifies algebraic complexity but also demonstrates how
theoretical frameworks can be effectively applied in practice.

In cases where three-fold orthogonal systems cannot be represented
in closed forms, this research introduces methods for constructing
parametric surface families while preserving orthogonality. This
approach enables the discovery of diverse sets of orthogonal surface
families, extending beyond coordinate systems. Such flexibility is
particularly valuable for researchers engaged in visual or artistic
studies alongside analytical investigations.

The methodology has been successfully demonstrated through
numerous examples, encompassing classical coordinate systems (e.g.,
Cartesian, spherical, and ellipsoidal) and customized configurations
tailored to specific geometries. The integration of computational tools
further facilitates real-time applications in fields such as geodesy,
fluid dynamics, and electromagnetic theory. With results that are
mathematically validated and graphically confirmed, all proposed
methods and examples can be confidently utilized.

APPENDIX A

close all; clear all; clc;

symsxyzTABuvx0y0zOtpq

X=[x;y;z];

f=x"2+y"2+2z"3; % Type the reference surface

fx=diff(f,x); fy=diff(f)y); fz=diff(f,z); fxx=diff(f,x,2); fyy=diff(f,y,2); fzz=diff(f,z,2); fxy=diff(f,x,y);
fxz=diff(f,x,z); fyz=diff(f,y,z);

H=1/sqrt(fx"2+fy"2+fz"2); Hxx=diff(H,x,2); Hyy=diff(H,y,2); Hzz=diff(H,z,2); Hxy=diff(H,x,y);
Hxz=diff(H,x,z); Hyz=diff(H,y,z);

Matrix=[Hxx Hyy Hzz Hyz Hxz Hxy;fxx fyy fzz fyz fxz fxy;1 1 1 0 0 0;2*fx 0 0 0 fz fy;0 2*fy 0 fz 0 fx;0
0 2*fz fy fx 0];
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Darboux_Cayley_det =simplify(det(Matrix), IgnoreAnalyticConstraints',true) % Darboux-Cayley
Determinat

[nx, dx] = numden(fx); [ny, dy] = numden(fy); [nz, dz] = numden({z);
K1=simplify(expand(fx*lcm(lem(dx,dy),dz)), Ignore AnalyticConstraints',true);
K2=simplify(expand(fy*lem(lem(dx,dy),dz)), IgnoreAnalyticConstraints',true);
K3=simplify(expand(fz*lcm(lem(dx,dy),dz)), IgnoreAnalyticConstraints',true);

Im=[K2;-K 1;0]; 1=[0;-K3;K2]; mu=[K1*K3;K2*K3;-K172-K2"2]; m=[K2"2+K3"2;-K1*K2;-K1*K3];
Cl=curl(1,X); Clm=curl(Im,X); Cm=curl(m,X); Cmu=curl(mu,X);

Al=simplify((K1"2+K2"2+K32)*(1(1)*CI(1)+1(2)*C1(2)+1(3)*Cl(3)), Ignore AnalyticConstraints',true);
A2=simplify((m(1)*Cm(1)+m(2)*Cm(2)+m(3)*Cm(3)), IgnoreAnalyticConstraints',true);
Cl=simplify((K1"2+K2"2+K32)*(Im(1)*Clm(1)+lm(2)*Clm(2)+Im(3)*Clm(3)), Ignore AnalyticConstrai
nts',true);

C2=simplify((mu(1)*Cmu(1)+mu(2)*Cmu(2)+mu(3)*Cmu(3)), IgnoreAnalyticConstraints',true);
Bl=simplify((K1"2+K2/2+K3"2)*(1(1)*Clm(1)+1(2)*Clm(2)+1(3)*Clm(3) +
Im(1)*CI(1)+Im(2)*CL(2)+Im(3)*CI(3)), IgnoreAnalyticConstraints',true);
B2=simplify(m(1)*Cmu(1)tm(2)*Cmu(2)+m(3)*Cmu(3) +

mu(1)*Cm(1)+mu(2)*Cm(2)+mu(3)*Cm(3), IgnoreAnalyticConstraints',true);

ABC=[Al B1 C1;A2 B2 C2] % the six coeeficiets for T(x,y,z)

E=(A1-A2)*T"2+(B1-B2)*T+C1-C2;
Ts = solve(E,T); % candicate for T(x,y,z)

% If Zerol and Zero2 give 0, Ts satisfies the condition
Zerol=simplify(K2*(K1°2+K2/2+K3"2)*(K 1*diff( Ts(1),x)+K2*diff(Ts(1),y)+K3*diff(Ts(1),2)) +
A1*Ts(1)"2 + B1*Ts(1) + Cl1,'IgnoreAnalyticConstraints',true);
Zero2=simplify(K2*(K 1/ 2+K2/2+K3/2)*(K 1 *diff( Ts(2),x)+K2*diff(Ts(2),y)+K3*diff(Ts(2),2)) +
A1*Ts(2)"2 + B1*¥Ts(2) + Cl1,'IgnoreAnalyticConstraints',true);

Zero_solution=[Zerol;Zero2]

T _solved=[Ts(1);Ts(2)]
Td=simplify(expand(Ts(1)),'IgnoreAnalyticConstraints',true);

L1=simplify(expand(K2), IgnoreAnalyticConstraints',true);
L2=simplify(expand(-K1-K3*Td), IgnoreAnalyticConstraints',true);
L3=simplify(expand(K2*Td), IgnoreAnalyticConstraints',true);
M1=simplify(expand(K1*K3+(K2/2+K3"2)*Td), IgnoreAnalyticConstraints',true);
M2=simplify(expand(K2*K3-K1*K2*Td),'IgnoreAnalyticConstraints',true);
M3=simplify(expand(-K12-K2/2-K1*K3*Td), Ignore AnalyticConstraints',true);

K=[K1;K2;K3]; L=[L1;L2;L3]; M=[M1;M2;M3];
DotKL=simplify(K1*L1+K2*L2+K3*L3); DotKM=simplify(K1*M1+K2*M2+K3*M3);
DotML=simplify(M1*L1+M2*L2+M3*L3);

DotKLM=[DotKL DotKM DotML] % check that it is zero
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HD_L=simplify(L(1)*(diff(L(3),y)-diff(L(2),2)) + L(2)*(diff(L(1),2)-diff(L(3),x)) + L(3)*(diff(L(2),x)-
diff(L(1),y)), IgnoreAnalyticConstraints',true);

HD_M=simplify(M(1)*(diff(M(3),y)-diff(M(2),z)) + M(2)*(diff(M(1),z)-diff(M(3),x)) +
M(3)*(diff(M(2),x)-diff(M(1),y)), IgnoreAnalyticConstraints',true);

Helicity Densities=[HD_L HD_M] % check the helicity densities

[~, d1] = numden(K(1)); [~, d2] = numden(K(2)); [~, d3] = numden(K(3)); common_denominator =
lem(lem(dl, d2), d3); K poly = K * common_denominator; common_factor = K_poly(1);
for i = 2:length(K_poly)
common_factor = gcd(common_factor, K_poly(i));
end
K_final = simplify(K_poly / common_factor,'Ignore AnalyticConstraints',true);

[~, d1] = numden(L(1)); [~, d2] = numden(L(2)); [~, d3] = numden(L(3)); common_denominator =
lem(lem(dl, d2), d3); L_poly =L * common_denominator; common_factor =L_poly(1);
for i = 2:length(L_poly)
common_factor = ged(common_factor, L_poly(i));
end
L _final = simplify(L_poly / common_factor,'IgnoreAnalyticConstraints',true)

[~, d1] = numden(M(1)); [~, d2] = numden(M(2)); [~, d3] = numden(M(3)); common_denominator =
lem(lem(dl, d2), d3); M_poly =M * common_denominator; common_factor = M_poly(1);
for i = 2:length(M_poly)
common_factor = gcd(common_factor, M_poly(i));
end
M_final = simplify(M_poly / common_factor,'IgnoreAnalyticConstraints',true)

%KLM=[K final L final M_final] % final and simplified K, L, M vectors

APPENDIX B
Surface of Revolution

All rotational surfaces in xyz space can be written with rotation and
translation transformations such that the axis of rotation is the z-axis. In this

case our given reference surface f{x,y,z) is written as in Eq.A1.

fr)=U, r={x>+y? (AD

In this case, X and i given in Eq.23-24 are as shown in Eq.A2-A3.
Z=(fy,—fx,0)=frsin692—frc059)7 (A2)

i=(ffofofo—f7 =)= fificos02 + ff,sin09 — f72,  (A3)
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The expression of these vectors in cylindrical coordinates is described in
Eq.A4-6.

7 =cosfX+sinby, 0 =—sinfx+cosfy (Ad)

I=@-#)r+(A-0)0+(A-2)2=£8 (A9

=GP+ (i 0)0+ (D2 = fifif — f22 (A6)
When the functions C; and C; defined in Eq.30-31 are written for the
vectors in Eq.A5-6, they always give zero (Eq.A6-7). The curl of the vectors
was found by the curl formula in cylindrical coordinates.
VXA=(f )P+ (o +71f)e — C=i-VYxi=0 (A7)

Vxi=((fifds+ ()8 - C=i-Vxji=0 (A3

Consequently, given a family of rotational surfaces, C1 and C2 will
definitely be zero. The orthogonal coordinate system condition of Eq.32-33 will
be satisfied for T=0. So, in the case that f{x,y,z) is a rotational surface, there can
only be one orthogonal coordinate system for T=0.

The expression for the gradient in cylindrical coordinates is given in
Eq.9. Also, for T=0 the vectors L and M, i.e. the vectors parallel to the gradient
of the families of faces g and h, are given in Eq.A11-12.

5 1 . 5 L, 1 4 .
Vg = g,7r +;g99 + 9.2, Vh = hrr +;h99 + hZZ (A9)

-

L=1=(K,-K,0)=£0  (All)
M = ji = (K:Ks, K,K3,—(K2 + KD)) = ffif — f?2 (A12)

If the components of the L and M vectors are multiplied by the necessary
functions to satisfy Vg I L and Vh I| M, Eq.A13 is obtained.

Vg=0, Vh=ff—fz (Al3)

In this case, special solutions can be found as in Eq.A14-15.
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go=1-9=0 > gxy,)=2=V (Al4)

hy=fo hy=—f, - L _k (A15)
dr f
Eq.Al4, as already guessed, turns out to be a plane that belongs to the
rotational surface and rotates about the z-axis. So, given a family of surfaces of
the form f(r,z)=U, g(x,y,z)=y/x. To find the remaining third family of
orthogonal surfaces, a special solution satisfying the conditions in Eq. A15 will
suffice. The integral constant that will appear in the last equation of Eq.A15

can be assigned as h.

Example 7:

Find the triple orthogonal coordinate surfaces to the surface family
fO,y,x) =x*+y*+2z* = U.

Solution 7:
Since the given surface family is a rotational surface, g=y/x is known.
To find the other surface family, h, we use Eq.A15.
dz 4z3 dr z72
f=7r%+2z% —=—,5dzz3 =4— > —=4Inr+¢ >
dr r r -2
. - (A16)
8Inr +Z—2 =c, »eZ(x? +y)* =,
As a result, the level surfaces shown in Eq.A16 form triple orthogonal
coordinate systems.
foy ) =x2+y2+2z4=U, glxyz)=2=V,
. x (A17)
h(x,y,2) = ez?(x* +y>)* =W

APPENDIX C

Verification of triple orthogonality of the level surfaces f{x,y,z)=U,
g(x,y,z)=V and h(x,y,z)=W written in implicit form

close all; clear all; clc;
symsxyzABuvx0y0zOtpq

% For implicit Forms. Type the functions f, g, h
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f=x"2+2*y"2+43*772; g=y/x"2; h=x"2+2*y"2-
(x072%(z/z0)"(2/3)+2*y0"2*(z/20)"(4/3));

fx=diff(f,x); fy=diff(f)y); fz=diff(f,z); gx=diff(g,x); gy=diff(g,y); gz=diff(g,z);
hx=diff(h,x); hy=diff(h,y); hz=diff(h,z);

Dfg=simplify(fx*gx+{y*gy+fz*gz); Dth=simplify(fx*hx+fy*hy+fz*hz);
Dgh=simplify(gx*hx+gy*hy+gz*hz);

% If "DotsParametric" and "DotsCartesian" are seen as [0, 0, 0], These surfaces are
orthogonal at (x0,y0,z0)

DotsParametric=[FG HF HG]

DotsCartesian=simplify([subs(Dfg,[x y z],[x0 y0 z0]) subs(Dth,[x y z],[x0 y0 z0])
subs(Dgh,[x y z],[x0 y0 z0])],'Ignore AnalyticConstraints',true)

APPENDIX D
Verification of triple orthogonality of the surfaces F(u,v), G(u,v) and
H(u,v) written in parametric form

close all; clear all; clc;
symsxyzABuvx0y0z0tpq

% For parametric Forms. Type the parametric forms of the surfaces as F, G, H
F=simplify([sqrt(x0"2*exp(6*v)+4*u);sqrt(y0"2*exp(12*v)-
2*u);sqrt(x0°2+2*y0"2+3*20"2-x0"2 *exp(6*v)-

2*y0"2*exp(12*v))/sqrt(3)],' IgnoreAnalyticConstraints',true);
G=simplify([x0*exp(3*v)*exp(u);y0*exp(6*v)*exp(2*u);exp(u)*sqrt(x0"2+2*y0"2+
3*70"2-x0"2*exp(6*v)-2*y0"2*exp(12*v))/sqrt(3)], IgnoreAnalyticConstraints',true);
H=simplify([sqrt(x0"2*exp(2*v)+4*u);sqrt(y0"2*exp(4*v)-

2*u);z0*exp(3*v)],' IgnoreAnalyticConstraints',true);

Fu=simplify(diff(F,u), IgnoreAnalyticConstraints',true);
Fv=simplify(diff(F,v), IgnoreAnalyticConstraints',true);
Fn=simplify(cross(Fu,Fv),' IgnoreAnalyticConstraints',true);
Gu=simplify(diff(G,u), IgnoreAnalyticConstraints',true);
Gv=simplify(diff(G,v), IgnoreAnalyticConstraints',true);
Gn=simplify(cross(Gu,Gv),'IgnoreAnalyticConstraints',true);
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Hu=simplify(diff(H,u), IgnoreAnalyticConstraints',true);
Hv=simplify(diff(H,v), IgnoreAnalyticConstraints',true);
Hn=simplify(cross(Hu,Hv),'Ignore AnalyticConstraints',true);

dotFG=simplify(Gn(1)*Fn(1)+Gn(2)*Fn(2)+Gn(3)*Fn(3), IgnoreAnalyticConstraints'
,true);

dotHG=simplify(Gn(1)*Hn(1)+Gn(2)*Hn(2)+Gn(3)*Hn(3), TgnoreAnalyticConstraint
s',true);

dotHF=simplify(Fn(1)*Hn(1)+Fn(2)*Hn(2)+Fn(3)*Hn(3), IgnoreAnalyticConstraints'
;true);

FG=simplify(subs(dotFG,[u v],[0 0]),'IgnoreAnalyticConstraints',true);
HG=simplify(subs(dotHG,[u v],[0 0]),'TgnoreAnalyticConstraints',true);
HF=simplify(subs(dotHF,[u v],[0 0]),'IgnoreAnalyticConstraints',true);

% If “DotsParametric” are seen as zero, the surfaces F, G, H are orthogonal
DotsParametric=[FG HF HG]
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1. INTRODUCTION

The Fibonacci sequence and its various generalizations hold an important
place in both classical number theory and modern algebra (Koshy, 2017). The
k-Fibonacci and k-Lucas sequences introduced by Falcon and Plaza (Falcon,
2011; Falcon & Plaza, 2007) were studied and extended in many areas,
including combinatorics, linear algebra, and applied sciences. In addition to
these developments, matrix-based approaches have played a central role in
understanding generalized Fibonacci structures. Notably, Kumar and Sahani
(Kumar & Sahani, 2025) provided a comprehensive treatment of the
generalized k-Fibonacci sequence using the Q-matrix framework, while the
authors (Ahmad & Prasher, 2022) introduced the matrix representations that
further expanded the matrix interpretation of such sequences. These
foundational studies demonstrate that many properties and identities of
generalized Fibonacci sequences can be derived systematically through matrix
powers and determinant relations. Moreover, many researchers have shown that
Fibonacci-type sequences exhibit a richer and more flexible algebraic structure
when extended to broader number systems such as complex, dual, bicomplex,
and quaternionic algebras (Berzsenyi, 1975; Giil, 2020; Harman, 1981;
Horadam, 1963; Prasad, 2021).

In this context, the complex generalized k-Fibonacci numbers (CGFs)
provide a natural extension of the classical k-Fibonacci numbers into the
complex plane. The close relationship between the CGFs and the k-Fibonacci
matrices makes matrix representations a powerful tool for studying their
structural and algebraic properties. This approach allows many identities and
transformations associated with the sequence to be obtained systematically.
Matrix methods have long been used as an effective technique in the analysis
of Fibonacci-type sequences. In particular, powers of the classical Q-matrix
provide closed-form expressions and essential structural insights. In the study
of the CGFs, both the Q-matrix and the P-matrix, which describes even-indexed
terms, are employed, while the matrix H plays a key role in revealing further
structural features.

This section presents the matrix representations in detail and, by using
the Binet-type formula, derives several fundamental identities such as the
Cassini, Catalan, and Vajda identities. In this way, it demonstrates that the
complex generalized k-Fibonacci sequence can be generated through matrix
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methods and that its fundamental algebraic identities emerge naturally within
this framework.
The k-Fibonacci numbers are defined by the recurrence
Fyn = kFen-1 + Fen—2, nz2,
where the initial values are specified as F, o = 0,F,; = 1 (Falcon & Plaza,
2007).

Let k be any positive real number and let p and g be positive integers. The
generalized k-Fibonacci numbers introduced in (Panwar, 2021) are defined by
Tk,n = pkj:k,n—l + q:Fk,n—Z! nz2,

with initial values Fy o = a,Fx 1 = b.
For a positive real number k and a fixed positive integer m, the generalized k-
Fibonacci numbers are defined by

Qkn = kQrn-1+Qkn-2» 122,
where the initial values are Qi ¢ = m, Q. = km.
The complex Fibonacci numbers are defined by

E,"=FE, +iFp4q, n=0,

where V—1 = i and F, is the n-th Fibonacci number (Horadam, 1961).

2. MAIN RESULTS
Definition 2.1. Let m be a given positive integer. For n > 0, the complex
generalized k-Fibonacci numbers (denoted by CGFs) are defined as follows:
Ckn = Qrn + 1Qkn+1
with initial conditions G o = m(1 + ki), C; = km + i(m + k?m).
Note that, for n > 0, there is the following recurrence relation:
Ckn+z = kCrns1 + Cin-

One of the most known Fibonacci matrices (Gould, 1981; Hoggatt, 1969) is the

matrix Q4 which is defined by
mo1
such that

Qn — [Fn+1 Fn ]
Al A A

The two matrix representations of the CGFs are given by
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Ik 1 _Jk?2+1 k
Q_[1 oandp_[ k 1]'

For a positive integer n, the corresponding matrix form is given by:
C’k,n+1] _ [k 1][ Ck,n ]
ck,n 1 0 C’k,n—l '

Now, let us define the following matrix called Q-matrix based on the complex

generalized k-Fibonacci numbers

Q(k,n) — [ Ck,n Ck,n—l]
¢ Ck,n—l Ck,n—z

with the entries Cy ,. Considering the matrix H = [1 t ik i], itis clearly seen
that
Q<™ = mHQ™,
Qkn Qin-1
where Q™ = m™1 [ ’ ’ ]
Q Qk,n—l Qk,n—z

Theorem 2.1. For any positive integer n, the following relation holds:

Ck,n+1] _on [C’k,1].

Ck,n Ck,o
Proof. We establish the result by mathematical induction on n.
For the base case n=1, the statement follows immediately.
Assume now that the formula holds for some integer n.
Under this assumption, it remains to verify that the identity is also valid for n +
1.
[k 1 [1+ik i] Qk,l]z[k 1] k 1]" [1+ik i”Qm]
10 i UlQkol 11 0ll1 0 i 1@k

_ [k 1] Ck,n+1] _ Ck,n+2].

1 0l Cyxn
Theorem 2.2. For integers n,r = 1, the following identity holds:
7'nck,n+r = (Qk,nck,r + Qk,n—lck,r—l)-

Proof. We know that

C,k,n+1

HQn+r =m-1 [ Ck,n+r ck,n+r—1]'

ck,n+r—1 Ck,n+r—2
Since Q™" = Q"Q", we obtain
HQTL+T — Qn(HQr)

Hence,
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ck,n+r ck,n+r—1] _ m_1 [ Qk,n Qk,n—l] [ Ck,r ck,r—l]
Qk,n—l Qk,n—z Ck,,r—l Ck,r—z .
By comparing the entries in the first row and first column on both sides, we

Ck,n+r—1 Ck,n+r—2

have
mck,n+r = (Qk,nck,r + Qk,n—lck,r—l)-

Theorem 2.3. For integers n, 7 = 1, the following identity holds:
m(Zi - k)Qk,n+r = Ck,nck,r—l + Ck,n—lck,r—z-
Proof. Since HQ™ = Q™H, we now demonstrate that
H(Q™TH) = (Q"H)(Q"H),
a[1+ik i Crn+r Crnsr—1
H n+TH =m 1 ) [ ’ , ]
(Q ) [ 13 1] Ck,n+r—1 Ck,n+r—2
— m_l(Zi _ k) [Qk,n+r+1 Qk,n+r ]’
Qk n+r Qk,n+r—1
C C C
EYOTH) = m=2 Cikn kn— 1” kr k,r—l].
(Q )(Q ) Ckn 1 Ckn 2 Ck,r—l Ck,r—z
(Zl k) Qk n+r+1 Qk,n+r ] — m_l Ck,n ck,n—l] [ Ck,r Ck,r—l].
Qk n+r Qk,n+r—1 Ck,n—l Ck,n—z ck,r—l Ck,r—z
Inspection of the first row and second column entries on each side shows that

m(Zi - k)Qk,n+r = Ck,nck,r—l + Ck,n—lck,r—z-

Theorem 2.4. The Cassini’s identity for the CGFs is as follows:
Ck,n+1ck,n—1 - Clg,n = (2 + ik)(_l)n+1m2
Fk,n+1 Fk,n

Proof. In (Soykan, 2019), it is known that
E kn F kn—-1

=(-D" .

k1

1 0], |Q™| = (=1)™. Moreover, for the matrix Qék’n), we

Similarly, Q =
have
|Q(k n)| = |mHQ™ = m?(Cx nCrm-2 — Cin_1)-
On the other hand, since |H| = 2 + ik, it follows that
|0 ™| = m?@ + i) (- D)™,

Hence

m?(2 + ik)(-1)" = (Ck,nck,n—z - Cl%,n—l)-
Finally, replacing n by n + 1 in the above relation, we obtain
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Ck,n+1ck,n—1 - Clg,n = mz (2 + ik)(_l)n+1:
which completes the proof.

Qk,Zn Qk,Zn—l

For the matrix representation P of the CGFs, P"* = m™! .
Qk,Zn—l Qk,Zn—Z

Then we have

QY“*™ = mHP™,

Theorem 2.5. For any positive integer n, we obtain
[Ck,2n+1] _ [kz +1 k] [Ck,Zn—l]
Ck,Zn B Ck,Zn—Z .
Proof. Using the recurrence relation of the CGFs, we have
Ck 2n+1] [k(kck,Zn—l + Cron-z) + ck,Zn—l]
Ch,2n kCk2n-1 + Cr2n—2
_ [kz +1 k] [ck,Zn—l]
B Ck,Zn—Z '
Theorem 2.6. The Cassini-like identity for the CGFs is as follows:
Ck2nCr2n-2 =~ Cian—1 = M*(2 + ik).

Proof. For the matrix

tn) _ [ Cin Ck,n—l]
¢ Ck,n—l Ck,n—z ’

Recall that
|| = tmHPn|
_[It+ik i) p_pg2_[k*+1 k]

WhCI’CH—[ i 1],P—Q_[ A )t
Hence,

(Ck,chk,Zn—Z - CI%,Zn—l) = m?|H||P"|.
Then, this yields

Ck,2nCr2n-2 — 613,271—1 =m?(2 + ik),
which completes the proof.
Theorem 2.7. For the integers n and r, we  have

m(Cranszr + iCans2r+1) = ChznCrzr + Ch2n—-1Ci2r—1-
Proof. Since HP™ = P™"H, we now demonstrate that
H(Pn"'TH) = (P"H)(P"H),
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11 +ik i1[ Crzn+zr  Crkont2r-1
H(P"t"H) = 1 [ ) : ]
( )=m [ i 1] Ckan+2r-1  Cron+2r—2
— m_l(Zi _ k) Q5,2n+2r+1 QQk,2n+2r ]’
k,2n+2r k2n+2r—1
Ck,2n Ck,Zn—l][ Ci,2r ck,Zr—l]

P"H)(PTH) = m™2
( )( ) Ck,Zr—l Ck,2r—2

Ck,Zn—l Ck,Zn—Z
= m2(2i — k) Qkan+2r+1  Qkan+ar ]'
Qrzn+ar  Qrzn+ar-1

Since H(P™"H) = (P™"H)(P"H), we can write

[1 + ik i] [ Cik2n+2r ck,2n+2r—1] S Ck,2n ck,Zn—l] Cr2r Ck,Zr—l].
l 1 Ck,2n+2r—1 ck,2n+27'—2 Ck,Zn—l Ck,Zn—Z ck,ZT—l ck,Zr—Z

Equating the first row and column element in both sides of the equation, we

have

m(Crans2r + iC2n+2r+1) = CianCrar + Ch2n-1Ck,2r-1-
Theorem 2.8. Whenever n and r are integers, the following relations hold:

MCy 2n+2r = Qr2nCr2r + Qk,2n-1Ck2r-1,
MCy2n+2r-1 = Qk,2nCr2r-1 + Qk2n-1Cr2r—2-

Proof. By the previously obtained expression, we have

HpntT = 1 Ck2n+2r Ck,2n+2r—1].
Ck,2n+2r—1 C’k,2n+2r—2
Since P**" = P™P"_ we obtain

HP™T = Pr(HPT),

Hence,

m-1 Crk2n+2r Ck,2n+2r—1] _ m‘z[ Qk,2n Qk,2n—1H Cr,2r ck,Zr—l]

Ck,2n+2r—1 Ck,2n+2r—2 Qk,Zn—l Qk,Zn—Z Ck,ZT—l ck,Zr—Z

By comparing the (1,1)-entries of the matrices on both sides, we obtain
MCyi2n+2r = (Qk2nCr2r + Qic2n-1Ck2r-1)-
In the same manner, examining the (1,2)-entries yields

MCyx 2n+2r-1 = Qr2nCr2r—1 + Qk2n-1Cr,2r—2-

An explicit representation of the complex generalized k-Fibonacci
numbers can be obtained by analyzing the characteristic roots of their
recurrence relation. This procedure leads directly to a closed-form expression
for Cy .
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e = pp" —4q"
kn — _
p—q
where p = et k2+4, q= k- k2+4, p=m((1+ik)p+i) and § = m((1 +

ik)q + i).
Theorem 2.9. The sum of the first n + 1 terms of the complex generalized k-
Fibonacci sequence is given by

n
Z e = Cintz — (kK =1)Crnp1 + (k= 1)Cho — Cp s
kj = -

k
j=0

Proof. Using the recurrence relation
Ck,n+2 = kck,n+1 + Ck,n n =0,

we can rewrite the initial terms as

Cko = Cr2 — kCp,

Cra = Ciz — kCy2,

Ck2 = Cra — kCyp3,
and continuing in the same manner, we can generalize this pattern to

Crj = Ckj+2 — KCi j+1,

for 0 < j < n. Then, as a result of necessary calculations, we get

n
Cin+z — (k = 1)Cxpy1 + (k — 1DCxo — Ci
Ck,j - k .
=0

Lemma 2.1. The following identity is satisfied:
pg = —m?(2 + ik).
Proof. Because p and § are defined using the characteristic roots, their product
simplifies easily and the identity follows directly.
pq=m?*(=2-2ik+i(p+q) + k> —k(p + q))

=m2(=2(1 + ik) + (i — k)k + k?)

= -m?(2 + ik).
Theorem 2.10. Vajda’s identity for the CGFs is as follows:

Cin+rCrn+s = CinCrntrss = (=D™'m2(2 + ik)Fk,rFk,s:

where Fj, ;, is the nth k-Fibonacci number.

Proof. Using the Binet-type formula for the CGFs, we obtain

ﬁpn+7'_q\qn+r ijp‘n+s_q\qn+s _ ﬁpn_qqn ﬁpn+r+s_qq

p—q p—q p—q p—q

n+r+s

Ck,n+rck,n+s - Ck,nck,n+r+s -
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ﬁzp2n+r+s—ﬁ@(pn+sq"+r+qn+spn+r)+ q\Zan+s+T

®-q)?
A2 2n+r+s_ﬁ5i(pnqn+r+s+qnpn+r+5)+ q‘Zan+T+S

p’p
(r-a)?
_ Pa(a)"(-p°a"—a°p"+q " +p"*S)
r-9)?
_ PaED" ("= (P-4
(r-a)?
= (_1)nﬁqu,rFk,s
= (—1)"+1m2 (2 + ik)Fk,‘r‘Fk,S'
Corollary 2.1. Cassini’s identity for the CGFs is as follows:
Cin+1Cin-1 — Cien = M*(2 + i) (=)™ Fy 1 Fye _y.
Proof. The result follows directly by taking r = —s = 1 in Vajda’s identity.
Corollary 2.2. Catalan’s identity for the CGFs is as follows:
Cin+rCrn—r — C}%,n =m?(2 + ik)(_]-)n+1Fk,rFk,—r-
Proof. By replacing s with —r in Vajda’s identity gives the Catalan identity for
the CGFs.

CONCLUSION

In this study, the complex generalized k-Fibonacci numbers (CGFs) were
investigated through matrix representations and the Binet-type formula. It was
shown that the matrices Q, P, and H generate the sequence and reveal its
fundamental properties. Through this approach, Cassini, Catalan, and Vajda
identities for the CGFs were obtained, and additional identities involving even-
indexed terms were derived. The results demonstrate that the CGFs preserve
the structure of the classical Fibonacci numbers while extending it into the
complex plane with a richer algebraic framework. It is concluded that the
matrix-based methods used here have potential applications to other
generalized Fibonacci-type sequences and related algebraic systems.
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1. INTRODUCTION

Compartment models are useful for describing ICG pharmacokinetics,
but they struggle with rapid or nonlinear changes common in tumor tissue. To
address this, we use a state-space approach and evaluate four Extended Kalman
Filter (EKF) variants—standard, Adaptive-R, Forgetting Factor, and
Mahalanobis Distance—on real ICG data from tumor-bearing subjects. We
further introduce a three-dimensional state formulation that includes
concentration, velocity, and acceleration, enabling more sensitive detection of
vascular transitions such as changes in permeability or perfusion. This enriched
framework improves real-time estimation accuracy and enhances physiological

interpretability of tumor microvascular dynamics.

2. ESTIMATION METHODOLOGY

The Kalman Filter (KF) provides an optimal recursive method for
estimating the states of linear systems under Gaussian noise and is widely used
in engineering and biomedical applications. Because biological systems often
exhibit nonlinear behavior, the Extended Kalman Filter (EKF) is employed by
linearizing the dynamics around the current estimate. In pharmacokinetics,
indocyanine green (ICG) dynamics in tumor tissue show nonlinearities driven
by heterogeneous perfusion and variable permeability. To better capture these
effects, we use a three-dimensional state-space model that includes
concentration, velocity, and acceleration—parameters that reveal rapid uptake
or clearance and higher-order vascular transitions. We compare four EKF
variants—standard, Adaptive-R, Forgetting Factor, and Mahalanobis
Distance—on real ICG data from tumor-bearing animals. These recursive
filters enable real-time estimation without offline curve fitting and offer
improved temporal resolution, robustness to noise, and sensitivity to transient
physiological changes, providing a powerful framework for dynamic tissue
characterization [1-11].

2.1 State-space model and AKF

Given a general discrete-time stochastic system described by its state and
observation equations,

X, =Fx,  +w (1)



Recent Advances In Mathematics-Il | 72

Vi=Hx  +v,, (2)

where X, is an nx1 system, Vi is an mx1 observation vector, E{ is an
nxn system, H , 18 an observation mxn matrix, The covariance matrices W,

and v, are defined by w, ~ N(0,0Q,) and v, ~ N(0,R,). Let the initial
state be assumed to have a GGaussian distribution in the form of

X, ~ N(X,,F,) . The optimum update equations for KF are

)%k\k =%y T Ky 3)

Pk\k- 1 Ecplc 1[k- 1Ec¢+ Qk “4)

ne=2z.-h ()Ack\k_ ) (5)

Sy = HkPk\k- HE+ R, (6)

K, = Pk\k- S, (7)

Pk\k = - Kka)Pk\k.l ®)
In the above equations )Ack‘ . 1 1s the a priori estimation and )Ack‘  isthea
posteriori estimation of X, . Also Pk‘ .1 and Pk‘ , are the covariance of a priori

and a posteriori estimations respectively. K, , is the optimum Kalman gain [12-

15]. The Kalman Filter requires accurate knowledge of process and
measurement noise covariances, but these quantities are typically unknown in
real systems, often leading to estimation errors or divergence. Adaptive Kalman
Filtering methods—such as forgetting-factor approaches—address this issue by
updating noise covariances online to improve reliability and tracking

performance.
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1
Pk\k- 1= Z_(Ecpk 1[k- 1Fk¢+ Qk) )

2.2 Adaptive-R EKF
In this variant, the measurement noise covariance Rk is updates online

using innovation sequence:
R, =AR, ,+(1-A)v,v,
where A €[0,1) is the forgetting factor.

2.3 Forgetting Factor EKF
This method modifies the prediction covariance to emphasize recent
information:

1
Pk\k— 1= I_(Ech 1[k- le¢+ Q)

All other EKF steps remain unchanged.

2.4. Mahalanobis Distance-Based EKF
This approach evaluates the consistency of each measurement using the
Mabhalanobis distance:

2 o o-l
d, =v,S, v,
Decision Rule:
If d} > )([27 ,° reject the measurement

Else: accept and update as in standard EKF
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3.2. METHODOLOGY

This study assesses four Extended Kalman Filter (EKF) variants for real-
time estimation of indocyanine green (ICG) concentration in tumor-bearing
rats: the standard EKF with fixed noise parameters, the Adaptive-R EKF with
time-varying measurement noise, the Forgetting Factor EKF that emphasizes
recent data, and the Mahalanobis Distance EKF that suppresses outliers.
Applied to real ICG pharmacokinetic data, these methods operate within a
three-dimensional state-space representation that models concentration
alongside its temporal derivatives, providing improved accuracy and

interpretability for pharmacokinetic analysis under uncertainty.

3.3 ICG pharmacokinetic Model
The ICG pharmacokinetic data is modeled as a discrete-time dynamic

system with a three-dimensional state vector. Let the state vector be defined as:

where,

P, is the ICG pharmacokinetic level at time k

Vv, is the velocity (rate of change of ICG pharmacokinetic level)
a, is the acceleration (rate of change of velocity)

x, =) +w,

f(x)=[p, +v, +0.5a,,v, +0.5q,,a,]

is the nonlinear state transition. The state evolution is defines as:

X, =Ex,  +w,
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1 At 0.5AF
F=l0 1 At
0 0 1

The observation model is:

Ve=Hx,_ +v,,,
HZ[I 0 O]

4. RESULTS

The compartmental model was evaluated using experimental data
provided by collaborators, with full details of the experimental setup available
in [5]. Since this study concentrates on modeling and parameter estimation,
only a brief overview of the protocol is given here to support the mathematical
formulation. ICG was injected intravenously into tumor-bearing rats, and
optical signals were recorded over the tumor surface. After binding to albumin,
ICG normally remains in the vascular space, but tumor-induced permeability
allows leakage into the EES, enabling tumor detection. These kinetics are
analyzed with the compartmental model, and EKF performance is measured
using RMSE, MAE, MAPE, and R2. We evaluated each filter using ICG

pharmacokinetic data, RMSE, MAE, MAPE, R? was computed.

Table 1. Performance Comparison

Model RMSE MAE MAPE R?

Standard EKF | 0.000045 | 0.000025 | 0.009327 | 1.000000

Adaptive-R EKF | 0.000030 | 0.000005 | 0.004694 | 1.000000

FF EKF | 0.000044 | 0.000024 | 0.008992 | 1.000000

Mahalanobis EKF | 0.000045 | 0.000025 | 0.009327 | 1.000000
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When Table 1 is analyzed, the best result is obtained with Adaptive-R
EKF. The actual and estimated results obtained with Adaptive-R EKEF,
estimated speed and acceleration values are shown in Figure 1. All four EKF
variants were applied to the same ICG pharmacokinetic dataset, and their
performance was evaluated using RMSE. The Adaptive-R EKF achieved the
lowest error (0.000030), benefiting from its innovation-driven adaptation of the
measurement noise covariance. The Forgetting Factor EKF also performed
competitively, particularly in capturing transient dynamics by prioritizing
recent observations. The Mahalanobis EKF maintained stable performance by
suppressing outliers, an important advantage when dealing with noisy
biomedical data. Beyond concentration estimation, incorporating velocity and
acceleration provided a richer depiction of ICG kinetics. Velocity reflects the
instantaneous rate of uptake or clearance, while acceleration captures second-
order transitions such as perfusion shifts or treatment-related vascular changes.
These additional states enhance physiological interpretability and are especially
valuable in modeling the non-stationary behavior characteristic of tumor

environments.

Tumor Estimation using EKF Variants
0.8 T T

/\/W\\ True Tumor

0.7 Standard EKF
/ \_\ Adaptive-R EKF

0.6 -FF EKF

"
/ \ Mahalanobis EKF
0.5
/ ™

T

0.3

0.2

Tumor ICG Concentration

0.1

100 200 300 400 500 600
Time (minutes)

Figure 1: ICG Concentration — Adaptive-R EKF
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CONCLUSION

This study demonstrates that Extended Kalman Filter variants—
enhanced with velocity and acceleration states—elevate pharmacokinetic
analysis from simple concentration tracking to dynamic vascular monitoring.
By providing real-time, derivative-aware estimates, these EKF frameworks
offer a robust foundation for characterizing tumor microenvironments and

supporting precision diagnostics and therapeutic decision-making in oncology.
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1. INTRODUCTION

Throughout human civilization, pigeons have served roles far beyond
their modest appearance—ranging from symbolic figures of peace to reliable
couriers. Originating from the wild rock pigeon (Columba livia), centuries of
selective breeding have produced numerous varieties with striking
morphological diversity [1-3]. Among these, the Adana Dewlap pigeon—
traditionally bred in the southern regions of Tiirkiye—distinguishes itself with
its characteristic bone structure, pronounced dewlap, and recognizable flight
behavior. Despite its cultural relevance and genetic uniqueness, scientific
information regarding its developmental patterns and growth trajectory remains
limited.

Understanding how birds grow is crucial not only for biological insight
but also for improving breeding efficiency and flock management. Classical
sigmoidal growth models—such as the Gompertz, Logistic, and Richards
equations—are widely applied to describe body-weight changes over time.
Although these models often represent the general shape of growth curves
satisfactorily, they fall short when rapid fluctuations occur due to biological
noise, environmental variation, or irregular measurement intervals. To
overcome these constraints, the present study incorporates both traditional
nonlinear functions and a dynamic state-space methodology via the Kalman
Filter (KF) and Adaptive Kalman Filter (AKF). Logistic, Richards, and
Gompertz models were first applied to a 43-day longitudinal dataset obtained
from 88 Adana Dewlap pigeons. Their performance was assessed using
standard accuracy indicators: Mean Squared Error (MSE), Mean Absolute
Percentage Error (MAPE), and coefficient of determination (R?).

The state-space approach allows KF to estimate hidden components of
the growth process—such as instantaneous body weight, rate of change, and
acceleration—while AKF adjusts the process noise parameters in response to
abrupt biological shifts. This dual framework effectively captures both the rapid
early growth phase and the slowdown observed later in development, offering
advantages over fixed-parameter curve fitting. Consequently, integrating
nonlinear growth equations with adaptive filtering provides a versatile
analytical tool for real-time monitoring, identifying anomalies, and supporting

management decisions in pigeon breeding.
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Earlier research in poultry growth modeling has highlighted the
suitability of Gompertz and Richards structures due to their biological
interpretability [4—5]. Building on this foundation, Ozbek (2022, 2023)
evaluated multiple growth functions using body-weight measurements from
Adana Dewlap pigeons and concluded that the Richards model yielded the most
accurate static representation [6—8]. In subsequent work, coupling a Discrete-
Time Stochastic Gompertz formulation with AKF enabled online tracking of
time-dependent parameters and displayed strong predictive performance (MSE
~270; R*?= 0.98; MAPE = 2.3%) [8].

Environmental conditions exert a significant influence on reproductive
timing. In colder seasons, the incubation period typically lasts around 45 days,
whereas in warmer months it shortens to approximately 30-32 days due to
improved thermal conditions [9—10]. Pigeon hatchlings are altricial and depend
completely on parental care. Their initial survival is shaped primarily by:

(1) the nutrient-rich crop milk supplied by the parents, and

(i1) warmth provided through continuous brooding.

Maternal body mass indirectly reflects nutritional reserves and crop-milk
production capacity; heavier and well-nourished females are generally more

efficient in supporting chick development [11-16].

2. MATERIALS AND METHODS

2.1. State-space model representation for pigeon growth

In the 1960s, linear discrete-time stochastic state-space models were
developed for applications such as tracking and controlling the position of
satellites, guided missiles, spacecraft, and maneuvering targets. In addition to
these aerospace applications, the state-space modeling approach has also found
widespread use in modeling physical, physiological, and economic processes
[17-20]. The problem of estimating the state vector within a linear discrete-time
stochastic state-space framework was first introduced by Kalman [21]. The
Kalman Filter (KF) can essentially be defined as a recursive solution to the
least-squares estimation problem [22-24]. There is an extensive body of
literature on the derivation of the Kalman filter, its theoretical properties, and
its applications across different scientific fields [25-28].
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2.2. Model Structure

The LLT model describes the evolution of the growth process as:
State Equation:

Xpo = Ex +w,

(1
Observation Equation:

Y =Hx, +v,

2

E= M E =[]
o o1

where x, =[level, SlOpe]T and wi. ~ N(0, Q), vk ~ N(0, R). Process and

measurement covariances were defined as Q, =diag(q,,q,) and R =r.

2.3. Adaptive Noise Tuning
Measurement noise R was initialized robustly using median absolute
deviation (MAD):

7, = (1.4826xMAD(»))’

Normalized Innovation Squared (NIS):

2
NIS, =&
S

k
S,=HPH' +R

Adaptive update of R and ql followed a smoothed rule:

NS "
rk+l = rk 1 0
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where NI_Sw is the moving average over a window of size W = 50.

Covariance updates were performed in Joseph form:
F=(U-K.H)F, (KkH)T + KkRKkT

2.4. Performance Metrics

Mean Squared Error (MSE): The MSE measures the square root of the
average of the squared differences between the predicted and actual values. It
penalizes larger errors more heavily than smaller ones:

J R
MSE == (=3
i=1
where ), is the actual value, j/i is the predicted value, and 7 is the total

number of observations.

Mean Absolute Percentage Error (MAPE): MAPE expresses prediction

accuracy as a percentage, making it scale-independent. However, it becomes

undefined when any actual value ), equals zero:

100% <y, = 7|
MAPE = i
n ; Y

Coefficient of Determination (R2 ): R’ represents the proportion of the
variance in the dependent variable that is predictable from the independent

variables. It is calculated as:

Z(yi _)A}i)z
RP=1-2
2 =7)
i=1

where ) is the mean of the actual values.
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3. RESULTS AND DISCUSSION

The adaptive LLT-Kalman filter converged stably after six iterations
with consistent NIS near unity. Table 1 compares its performance against
conventional models.

Table 1: Comparison of growth model performance on Adana Dewlap pigeon data.

Model MSE MAPE (%) | R? AIC
Logistic 68.24 3.52 0.9910 -225.4
Gompertz 57.11 2.95 0.9932 -237.9
Richards 53.87 2.64 0.9941 -241.5
LLT- 49.42 2.08 0.9975 -50.8
Kalman

The LLT-Kalman model achieved the lowest MSE and highest R2,
indicating excellent fit and predictive precision. Fig. 1 shows the observed and
estimated trajectories with 95% confidence limits, while Fig. 2 and Fig. 3
present the slope and NIS evolution, respectively.

4. CONCLUSION

The Adaptive LLT-Kalman framework provides a powerful, data-driven
approach for modeling dynamic biological growth processes. It adaptively
captures local deviations, stabilizes estimation under measurement noise, and
yields higher accuracy than conventional parametric models. This study
highlights the potential of recursive Kalman-based models for advanced growth

analysis in avian species.
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Figure 1: LLT-Kalman estimation of growth curve.
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Figure 2: Trend (slope) component.
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INTRODUCTION

The investigation of recurrence sequences within algebraic structures has
its origins in the foundational work of Wall (Wall, 1960), who examined the
behavior of the classical Fibonacci sequence in the context of cyclic groups.
Wall’s study demonstrated how fundamental number-theoretic recurrences
could interact with group operations, thereby initiating a new line of inquiry
that connected recurrence relations with algebraic systems.

Building on this early foundation, Wilcox (Wilcox, 1986) broadened the
scope of the theory by extending the study from cyclic groups to general abelian
groups. His work provided a systematic framework for understanding how
recurrence sequences, originally defined over the integers, could be adapted to
operate within more complex algebraic environments. This extension played a
significant role in shaping subsequent research on recurrence sequences in
various group-theoretic settings.

Later, Li and Wang (Li & Wang, 2007) contributed to this line of
research by examining Wall numbers associated with the k-step Fibonacci
sequence. Their work extended the classical notion of Wall numbers-which
originally arose in the study of ordinary Fibonacci recurrences-to higher-order
recurrence relations. By generalizing the concept to k-step sequences, they
provided new insights into the periodic behavior and structural properties of
these sequences modulo 77, thereby enriching the theory of recurrence
sequences in algebraic and number-theoretic settings.

In another significant development, Knox (Knox, 1992) introduced the
k-nacci sequence by interpreting the k-step Fibonacci recurrence within groups
and conducted a detailed analysis of its properties in finite groups. Together,
these studies highlight the rich interplay between recurrence relations and group
structures and form an essential foundation for subsequent investigations in this
area.

In the subsequent developments, the theory was further extended to the
generalized order-k Pell sequence by Deveci and Karaduman (Deveci &
Karaduman, 2015), who formulated the order-k Pell recurrence in an algebraic
framework and examined its structural and periodic properties. Their work
broadened the classical recurrence theory by incorporating higher-order Pell-
type relations, thus enriching the understanding of generalized recurrence
sequences within algebraic and number-theoretic contexts.
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In recent years, a variety of linear recurrence sequences constructed
using group elements have been the subject of extensive study; for example,
(Aydin & Dikici, 1998; Campbell & Campbell, 2004; Deveci, Akuzum,
Karaduman, & Erdag, 2015; Deveci, Erdag, & Gungoz, 2023; Deveci &
Karaduman, 2015; Deveci, Karaduman, & Campbell, 2011) (Doostie &
Hashemi, 2006; Erdag, 2024; Erdag & Deveci, 2022; Erdag, Deveci, &
Karaduman, 2022; Erdag, Halic1, & Deveci , 2022; Erdag, Shannon, & Deveci,
2018) (Hashemi & Mehraban, 2022; Hulku, Erdag, & Deveci, 2023; Ozkan,
2007; Ozkan, Aydin, & Dikici, 2003)

In this study, we extend the Hadamard-type Pell-p sequence to groups by
redefining it in terms of group elements, and we refer to the resulting structure
as the Hadamard-type Pell-p orbit. Furthermore, as an application of the general
results obtained, we determine the periods of the Hadamard-type Pell-3 orbit

on the semidihedral groups SD._,

1. PRELIMINARIES

In the study of Akuzum, Deveci and Incekara (Akuzum, Deveci, &
Incekara , is submitted), the Hadamard-type Pell-p sequence is introduced
through the following homogeneous linear recurrence relation for >0 and
p=3

P — p _ P N
d}7+ﬁ+1 _deﬁ—p dﬂ+2+2dn+1 dn
. : b P _ b _
in which 4 =4 =---=a; , =0 and 2, =1.

Also, in Akuzum, Deveci and Incekara (Akuzum, Deveci, & Incekara ,
is submitted), the authors presented the Hadamard-type Pell-p matrix as

follows:

2 0 0 -1 2 -1
1 0 0
0 1

Gp: 0O 0 1 0

0 0
0 - 0

L d(p+1)x(p+1)
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In addition, for 7 > p, they established that

P 4 _ P 4
dﬂ+p 2ﬂ/z+p71 dnerfZ ﬂ;erpfl
p P _ P _ P
ﬂ;#pfl 24n+p72 dﬂ‘#ﬁ*:‘} ﬂnerfZ
n_ . * . .
G)y= i q
» p_ b )
d}l+l 2gﬂ ﬂﬂ*l 61”
P V2 _
an Zﬂﬂfl ﬂﬂ*Z anfl
* .
where G isa (p+1)x(p—2) matrix as follows:
i ’ a2’
”+2+2z1 —al ”+3+Za —a,, o —a H,, 1+Zd;z+/7 2 T Ay p3
? b4 a?
n+1 + Zd 4 n+2 + Zdwl a, /1+/r 2t Zﬂmp 3 T Ay poa
P P P 4
4, p+% + 2”;1 p+2 du—pn 4, /)+4 + 252” p+3 ﬂn—p+2 o _ﬂ + Zﬂ// 1742
? a’ e — —a?
@y p+2 + 261)1 P+l dﬂfp - p+3 + Zgn p+2 n7p+1 aﬂ*] + 2611172 43 i

It should be noted that det G, = (=1,

Definition 1. The semidihedral group SDZ,,, , (m24) is defined by the

presentation

=1

SD,, = <X>J¢ Xt =y = = XW_1>

27, |x| =2"" and |]| =

2/// ‘ -

Note that ‘SD

Definition 2. A sequence is periodic when, after some index, it repeats a
specific block of terms. The length of the smallest block that repeats is defined
as the period. Specifically, if the initial £ terms of the sequence form the

repeating block, then the sequence is said to be simply periodic with period 4.
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2. MAIN RESULTS
Let G be a finite /-generator group and let

X—{(xo,xl,...,xj1)6G><G><m><G <{x0,xl,...,x/1}>—G}

J

We call (xo,xl,... X ) a generating 7 -tuple for G .

> j-1

Definition 3. For a generating ;-tuple (xo,x“...,x]_l)eX , We

define the Hadamard-type Pell-p orbit ¢’ (GZXO,Xl,... x ) by the

> X i
following expression:

g’ (n+ p+1)=(q" (1)) (" (4 1)) (¢" (1+2)) (4" (n+ 1))
for #» >0, with initial conditions

{q‘ﬁ(O):xo,qp(1)=X1,...,qp(j—l)=xjl,q”(/’)ze,...,qp(p)ze if j<p,
g’ (0)=xy,q" (1) =x,,9" (2) = ,,9" (3) =x5,....¢" (p) = x, if j=p.

2

Theorem 1. For a finite group G, the Hadamard-type Pell-p orbit orbit
is simply periodic. Thus, it is easy to see that at least one of the 5-tuples occurs
twice in the Hadamard-type Pell-p orbit. Because a 5-tuple appears more than
once, the Hadamard-type Pell-p orbit of the group G is periodic. As the orbit

q’ (G X X sees X /71) is periodic, there exist natural number / and f with

b= f(mod4), such that

qp(/y)=qp(f),qp(/H—l):qp(f—kl),,...,qp(/9+3)=qp(f+3),.

From the definition of the Hadamard-type Pell-p orbit
q’ (G:xo,xl,...,xj_l),we obtain that

(4 () =(a" (1)) (¢" (#+2))" (¢ (n+ ) ¢ (n+ p+1) "

Therefore, we obtain ¢” (4) =g’ ( /) » and consequently
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7" (h=1)=¢"(0),q" (b—f+1)=¢"(1),....¢" (b= +3)=4"(3)
which shows that the Hadamard-type Pell-p orbit is simply periodic.
We denote the length of the period of Hadamard-type Pell-p orbit

q" (G:xo,xl,...,xjfl)bythe symbol Ig” (G:xo,xl,...,xﬂ).

We now provide the period lengths of the Hadamard-type Pell-3 orbit of
the semidihedral group SD2”, , as applications of the results established above.

Theorem 2. The length of the period of the Hadamard-type Pell-3 orbit
of the semidihedral group SD, is 3- 2"

Proof. The result is proved by direct computation. The orbit
P . :
q (SDZm .x,y)ls
-1 2 -2 2 3
X)j>€’€9x )X )/’Xax y:eax ’X 5
-6 —4 4 4 5 2
X7 Y,N,XT YN XXX ), X
2 4 6 7 2 8 8 8
X7 PN N XX P NG X YK X

From the above results, it follows that the orbit has the following form:

9" (0)=x, ¢" ()=, 4" (2)=¢, ¢’ (3)=c...,

7’ (12i)=x, ¢’ (12i +1) ="y, " (12i +2) =x""",¢" (12 +3) =¥, ...

Where £, £, and £, are positive integers satisfying gcd(kl,/éz,/é3) =1.
Thus, for & € N, we need the smallest integer /7 such that 47 = 27 o Ifwe

take 7 =2""", we obtain
g’ (12277 ) =x, ¢’ (1227 +1) = y,

g7’ (12.2”’*3 +2) =, ¢ (12.2’”*3 +3) =, ...

Because the next elements depend on x', y and ¢, the cycle restarts at

the (12.2’”_3)—th term. Thus, it is confirmed that the period length of the
Hadamard-type Pell-3 orbit of the semidihedral group 5D, is 3-2"7".
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. p . .
Example 1. The orbit ¢ (SD16 .x,y)ls
-1 2 6 2 3
X,J/,€,€,X ’X ],X,X ysesx ’X )
2 4 4 4 3 2
X7 Y, 0N YN X XX )X,

2 4 6 7 2
XY, X X X X ),X, )88, ...
So we obtain that Lg” (5D, : x, y)=24.

CONCLUSION
In this study, we extend the Hadamard-type Pell-p sequence to groups by

redefining it through group elements and introducing the Hadamard-type Pell-
p orbit. We prove that this orbit is simply periodic for any finite group. As an
application, we analyze the Hadamard-type Pell-3 orbit on the semidihedral

groups SDZ,,, and determine the lengths of its periods by using the general

results obtained.
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